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[1] We report the high-pressure thermoelastic and vibrational thermodynamic
parameters for hexagonal close-packed iron (e-Fe), based on nuclear resonant inelastic
X-ray scattering and in situ X-ray diffraction experiments at 300K. Long data collection
times, high-energy resolution, and quasi-hydrostatic sample conditions produced a
high-statistical quality data set that comprises the volume-dependent phonon density of
states (DOS) of e-Fe at eleven compression points. From the integrated phonon DOS,
we determine the Lamb-Mössbauer factor (fLM), average force constant (Φ), and
vibrational entropy (Svib) of e-Fe to pressures relevant to Earth’s outer core. We find
fLM= 0.923� 0.001 at 171GPa, suggesting restricted thermal atomic motion at large
compressions. We use Φ to approximate e-Fe’s pressure- and temperature-dependent
reduced isotopic partition function ratios (b-factors), which provide information about the
partitioning behavior of iron isotopes in equilibrium processes involving solid e-Fe.
In addition, we use the volume dependence of Svib to determine the product of e-Fe’s
vibrational thermal expansion coefficient and isothermal bulk modulus, which we find
to be pressure-independent and equal to 5.70� 0.05MPa/K at 300K. Finally, from the
low-energy region of each phonon DOS, we determine the Debye sound velocity (vD),
from which we derive the compressional (vP) and shear (vS) sound velocities of e-Fe.
We find vD= 5.60� 0.06, vP = 10.11� 0.12, and vS = 4.99� 0.06 km/s at 171GPa,
thus providing a new tight constraint on the density dependence of e-Fe’s sound
velocities to outer core pressures.

Citation: Murphy, C. A., J. M. Jackson, and W. Sturhahn (2013), Experimental constraints on the thermodynamics and
sound velocities of hcp-Fe to core pressures, J. Geophys. Res. Solid Earth, 118, doi:10.1002/jgrb.50166.

1. Introduction

[2] The Earth’s core is thought to be made up of iron,
nickel, and a few percent light elements [e.g., McDonough,
2003]. Iron is considered to be the most abundant element
in the core, and existing data suggest that it crystallizes in
the hexagonal close-packed (hcp) structure (e-Fe) at core
conditions [e.g., Mao et al., 1990; Alfè et al., 2001;
Ma et al., 2004; Dewaele et al., 2006; Tateno et al., 2010].
In turn, a large theoretical and experimental effort has been
dedicated to determining e-Fe’s material properties at high-
pressure and temperature (PT) conditions.
[3] Many studies have focused on properties of e-Fe that can

also be inferred for Earth’s solid inner core via seismology,
which is the most direct tool available for probing the deep
Earth. For example, seismologists have provided one-
dimensional models for the inner core’s compressional and
shear sound velocities and density based on seismic wave

travel times and normal modes from thousands of seismic
events [e.g., Dziewonski and Anderson, 1981; Kennett et al.,
1995]. Many experimental and theoretical studies have thus
explored e-Fe’s equation of state in general [e.g., Brown and
McQueen, 1986; Mao et al., 1990; Wasserman et al., 1996;
Dubrovinsky et al., 1998; Dewaele et al., 2006; Sola et al.,
2009; Sha and Cohen, 2010] and, in particular, its sound veloc-
ities [e.g., Brown and McQueen, 1986; Mao et al., 2001;
Nguyen and Holmes, 2004; Lin et al., 2005; Mao et al., 2008;
Sha and Cohen, 2010; Antonangeli et al., 2012] and thermal
expansion coefficient [e.g., Jeanloz, 1979; Boehler et al., 1990;
Duffy and Ahrens, 1993;Wasserman et al., 1996; Stixrude et al.,
1997; Dubrovinsky et al., 2000; Alfè et al., 2001; Anderson
et al., 2001; Isaak and Anderson, 2003; Sha and Cohen,
2010] to the pressures expected to be found in Earth’s core.
[4] Results from such experiments are often compared

with both seismic observations and reported properties of iron
alloys, in an attempt to better constrain the composition of
Earth’s core. However, significant uncertainties remain due to
technical difficulties associated with inferring thermoelastic
properties of the remote inner core from seismic observations
[e.g., Shearer and Masters, 1990; Cao and Romanowicz, 2004],
discrepancies among theoretical calculations [e.g., Steinle-
Neumann et al., 2004; Vo�cadlo et al., 2009], and the statistical
quality and accessible PT conditions of experimental studies.
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[5] The purpose of this study is to report the high-pressure
thermoelastic and vibrational thermodynamic properties of
e-Fe, based on high-statistical quality nuclear resonant
inelastic X-ray scattering (NRIXS) and in situ X-ray diffrac-
tion (XRD) experiments. NRIXS probes the partial projected
phonon density of states (DOS) of materials containing
select resonant isotopes such as 57Fe [Sturhahn et al.,
1995; Sturhahn, 2004; Sturhahn and Jackson, 2007],
and in the case of pure 57Fe, NRIXS probes the total phonon
DOS. We previously used this technique with in situ XRD to
measure the volume-dependent total phonon DOS of e-Fe
at eleven compression points between 30 and 171GPa at
300K [Murphy et al., 2011b, 2011a]. From the resulting
data set, we determined e-Fe’s vibrational Grüneisen param-
eter [Murphy et al., 2011a], thermal atomic motion, and
thermal pressure [Murphy et al., 2011b] to core pressures.
These parameters allowed us to constrain the temperature
at the inner core boundary via a prediction of the melting
behavior of e-Fe, as well as the core-density deficit, or the
amount of light elements that must be present in Earth’s
solid inner core to match seismic observations.
[6] In this study, we use the same data set to determine

additional thermoelastic and vibrational thermodynamic
parameters for e-Fe, some of which are closely related to proper-
ties inferred from seismology. Furthermore, we report additional
thermodynamic parameters based on e-Fe’s lattice dynamics
that offer insights into isotopic partitioning of iron during equi-
librium processes involving solid e-Fe. Details for obtaining
each parameter from the phonon DOS will be presented in their
respective sections, in addition to a discussion of their potential
applications in the context of Earth’s core.

2. Experiments

[7] The present analysis is performed on the NRIXS and
in situ XRD data set presented by Murphy et al. [2011a,

2011b]. For these experiments, we used modified panoramic
diamond anvil cells (DACs) with 90� openings and cubic
boron nitride backing plates on the downstream side, thus
maximizing the range of available diffraction angles for in
situ XRD. Three DACs were prepared in total using beveled
anvils with flat culet diameters of 250 or 150 mm, beryllium
gaskets, and boron epoxy inserts that stabilized the gasket
hole during compression. A neon pressure transmitting
medium surrounded a piece of 10 mm thick 95% isotopically
enriched 57Fe foil for our four smallest compression points,
resulting in quasi-hydrostatic sample conditions to a
pressure of 69GPa (Table 1). For all other compression
points, the 57Fe foil was fully embedded in the boron epoxy.
[8] Our NRIXS and in situ XRD experiments were

performed at Sector 3-ID-B of the Advanced Photon Source
at Argonne National Laboratory, with an average energy res-
olution of 1.2meV at the full-width half-maximum [Toellner,
2000]. A typical NRIXS scan consisted of tuning the high-
resolution monochromator from –65 to +85meV around
the nuclear resonance energy of 57Fe (14.4125 keV), with a
step size of 0.25meV and a collection time of 5 s per
energy step. Vibrational information for e-Fe extends to
higher energies with compression, so we increased this range
to –70 to +90meV for our two largest compression points.
Between 8 and 21 NRIXS scans were collected for each com-
pression point, with the exception of our measurement at
5.81� 0.01 cm3/mol (P= 36� 2GPa), for which only four
scans were collected. NRIXS data were analyzed with the
PHOENIX software [Sturhahn, 2000] (http://www.nrixs.com),
which was used to remove the elastic contribution and apply
the quasi-harmonic lattice model, in order to obtain e-Fe’s
total phonon DOS, D(E,V).
[9] X-ray diffraction data were collected in situ before

and after each NRIXS data set at the same sample position,
to determine the atomic volume at each compression point
(Table 1). We observed some texturing in our five largest

Table 1. Vibrational Thermodynamic Parameters of e-Fe From the Phonon DOS

V (cm3/mol)a P (GPa)a fLM
c Φ (N/m)c 103lnb57Fe/54Fe

d Svib (kB/atom)c avib (10
�5K�1)e

5.92(2)b 30(2) 0.857(1) 239(6) 11.4(3) 2.63(2) 1.84(2)
5.81(1)b 36(2) 0.862(2) 255(12) 12.1(6) 2.57(3) 1.69(2)
5.56(1)b 53(2) 0.876(2) 302(10) 14.3(5) 2.38(3) 1.40(2)
5.36(1)b 69(3) 0.888(1) 343(9) 16.3(4) 2.24(2) 1.20(2)
5.27(2) 77(3) 0.892(1) 356(5) 16.9(3) 2.20(1) 1.13(2)
5.15(2) 90(3) 0.899(1) 382(8) 18.2(4) 2.10(1) 1.03(2)
5.00(2)f 106(3) 0.904(1) 417(10) 19.8(5) 2.01(1) 0.92(2)
4.89(2)f 121(3) 0.910(1) 451(8) 21.5(4) 1.92(1) 0.85(2)
4.81(2)f 133(4) 0.913(1) 473(9) 22.5(4) 1.87(2) 0.79(2)
4.70(2)f 151(5) 0.918(1) 494(10) 23.5(5) 1.81(2) 0.73(2)
4.58(2)f 171(5) 0.923(1) 545(15) 25.9(7) 1.70(2) 0.67(2)

aMolar volumes per 57Fe atom (V) were measured with in situ XRD and converted to pressures (P) using the Vinet EOS reported by Dewaele et al.
[2006]. We note that reported volume errors are identical to those in our previous related studies [Murphy et al., 2011b, 2011a]. Pressure errors account
for correlation between EOS parameters based on our fitting of the XRD data reported by Dewaele et al. [2006], and are therefore smaller than our previ-
ously reported values, which assumed no correlation.

bFor these measurements, neon was loaded as the pressure transmitting medium. For all other compression points, the sample was fully embedded in a
boron epoxy insert.

cThe Lamb-Mössbauer factor (fLM), average force constant acting on the resonant isotope in the lattice (Φ), and vibrational entropy (Svib) per
57Fe atom

were determined from the integrated phonon DOS (equations (1), (2), and (9)). Values in parentheses give uncertainties for the last significant digit(s)
reported, as determined by the PHOENIX software [Sturhahn, 2000].

dReduced isotopic partition function ratios (103lnb57Fe/54Fe) for e-Fe at 300K are based on ourΦ (equation (2)) and the procedure described in section 4.1;
uncertainties in the last significant digit reflect uncertainties in Φ as determined by the PHOENIX software [Sturhahn, 2000].

eThe vibrational component of the thermal expansion coefficient (avib) for e-Fe at 300K is determined from our Svib(V) (equation (9)) and the Vinet EOS
parameters reported by Dewaele et al. [2006], as described in section 5; uncertainties in the last significant digit reflect the uncertainties from an errors-
weighted least-squares linear fit of our Svib(V), with uncertainties in Svib determined by the PHOENIX software [Sturhahn, 2000].

fTexturing was observed at these compression points in the form of a loss of intensity in the (002) diffraction peak (section 2).
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compression points, as indicated by a loss of intensity in
the (002) diffraction peak, which likely resulted from non-
hydrostatic conditions at extreme pressures. The remaining
diffraction peaks were sufficient for determining sample
volumes at our five largest compression points, because the
(100) peak is sensitive to the a unit cell parameter, while
the (101) peak is sensitive to both the a and c unit cell param-
eters in an hcp unit cell. We note that the c/a ratios for our
five largest compression points are consistent with the trend
suggested by our smaller compression points, where three
XRD peaks are available. The exact amount of additional
uncertainty associated with determining the sample volume
from fewer diffraction peaks is difficult to quantify, so we
report volume uncertainties that are twice as large as the deter-
mined uncertainties of our unit cell parameters in Table 1.
[10] For our determination of the phonon DOS and data

analysis, we relied on our in situ measured volumes. To
present our results on a common scale and for discussion,
we convert our measured volumes to pressures (P) using
the Vinet equation of state (EOS) for e-Fe reported by
Dewaele et al. [2006]. For comparison, we note that the
pressures predicted by the third-order Birch-Murnaghan
(BM) EOS for e-Fe reported by Mao et al. [1990] are
identical to those given in Table 1 within uncertainty, with
the exception of our largest compression point: the Vinet
EOS reported by Dewaele et al. [2006] indicates a pressure
of 171GPa, while the BM EOS reported by Mao et al.
[1990] indicates a pressure of 178GPa.

3. Lamb-Mössbauer Factor and Its Relation
to the Melting Behavior of «-Fe

[11] The Lamb-Mössbauer factor (fLM) represents the
probability for recoilless absorption, or the ratio of elastic
to total incoherent scattering in NRIXS experiments. It has
a similar functional form as that of the Debye-Waller factor
( fDW), where fDW describes coherent, fast scattering events
and fLM describes slow scattering events, i.e., events that
occur over the lifetime of nuclear resonance (141 ns for 57Fe)
[Sturhahn, 2004]. In general, fLM can best be understood
by its relationship to the thermal motion of resonant

nuclei about their equilibrium positions: fLM= exp[�k0
2hu2i],

where k
0
is the wave number of the resonant X-rays

(7.306Å–1 for 57Fe) and< u2> is the mean-square atomic
displacement. This relationship highlights the fact that fLM
contains information about lattice dynamics and, in turn,
depends strongly on the binding of the resonant nuclei
in the lattice (e.g., on composition, crystal structure, and
PT conditions).
[12] There are two ways to access fLM from NRIXS data.

First, fLM can be determined from an analysis of the
zeroth-order moment of the excitation probability density,
S(E), which is extracted from the raw NRIXS data by fitting
and subtracting the elastic peak and performing the proper
normalization and refinement procedures [Sturhahn et al.,
1995; Sturhahn, 2000]. Then, fLM is obtained by taking the
zeroth-order moment of S(E), or Sn =

R
EnS(E)dE for n= 0.

Details of this procedure were previously presented by
Sturhahn and Chumakov [1999].
[13] The second method for obtaining fLM from NRIXS

data is via the measured total phonon DOS, D(E,V), which
we obtain by applying a quasi-harmonic oscillator (lattice)
model to the total S(E) described above [Sturhahn, 2000].
In particular,

fLM Vð Þ ¼ exp �
Z

ER

E
coth

E

2kBT

� �
D E;Vð ÞdE

� �
; (1)

where kB is Boltzmann’s constant and the phonon DOS has
been normalized by

R
D(E)dE= 3 [Sturhahn and Jackson,

2007]. Values for fLM determined using equation (1) are
given in Table 1. To demonstrate the high-statistical quality
of our data set, we compare our uncertainties for fLM with
those measured by Mao et al. [2001] up to 153GPa:
performing the same PHOENIX analysis on both data sets,
we find that our data produce errors in fLM that are ~75%
smaller on average using the moments method, and ~60%
smaller using equation (1).
[14] Values for fLM determined using the two described

methods are indistinguishable for all of our compression
points, as can be seen in Figure 1. The largest discrepancy
occurs at a molar volume per 57Fe atom of 5.81� 0.01 cm3/mol
(P=36� 2GPa), which is the compression point at which
we had the lowest overall counts because of fewer scans
collected (section 2). Such disagreement demonstrates the
importance of a high-statistical quality data set for accurately
determining vibrational information. We note that the two
methods for obtaining fLM are related by S(E), but the
moments analysis method requires no assumptions, while
the use of equation (1) assumes that a quasi-harmonic
oscillator model accurately describes the behavior of e-Fe
[e.g., Sturhahn, 2004]. Good agreement between fLM
determined from the two distinct methods is consistent with
the validity of this model over our experimentalPT conditions.
[15] As previously stated, fLM can best be understood in the

context of lattice dynamics by considering the relationship
fLM= exp[�k0

2hu2i]. From this relationship, it is evident that
an increase in fLM with compression corresponds to a
reduction of thermal motion—i.e., reduced displacement of
the iron atoms, or stiffening of the lattice—or a
decrease in< u2>. We have previously used this behavior to
predict e-Fe’s melting curve shape based on Gilvarry’s
reformulation of Lindemann’s melting criterion [Gilvarry,

4.6 4.8 5 5.2 5.4 5.6 5.8 6

Volume (cm3/mol)

0.85

0.86

0.87

0.88

0.89

0.9

0.91

0.92

0.93

f L
M

phonon DOS
moments

300 K

Figure 1. Lamb-Mössbauer factor of e-Fe from NRIXS
data. Black circles give the Lamb-Mössbauer factor (fLM) as
determined from e-Fe’s total phonon DOS and equation (1);
green squares show fLM as determined from the zeroth-order
moment of S(E) (section 3).
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1956a, 1956b; Murphy et al., 2011b], which we calibrated in
PT space with reported melting points for e-Fe [Shen et al.,
1998; Ma et al., 2004; Komabayashi and Fei, 2010]. In
particular, the values of fLM given in Table 1 are closely related
to our reported Lamb-Mössbauer temperatures, which
were derived from a high-temperature formulation for< u2>
[Murphy et al., 2011b].

4. Average Force Constant of «-Fe

[16] The average force constant (Φ) acting on the resonant
isotope in a crystal lattice at 300K can be obtained directly
from its total phonon DOS via

Φ Vð Þ ¼ m�
3ℏ2

Z
E2D E;Vð ÞdE; (2)

where m* is the mass of the resonant nucleus (57Fe), ℏ is
the reduced Planck constant, and the phonon DOS has
been normalized by

R
D(E)dE= 3 (Table 1). In addition,

Φ can be obtained from the third-order moment of S(E), in
a procedure similar to that described in section 3. We plot
Φ(V) in Figure 2, where one can see that the values deter-
mined using the moments analysis method are slightly lower
and more scattered than those obtained from the phonon
DOS (equation (2)), although they agree within uncertainty
at all compression points. The systematic offset and increased
scatter from the moments analysis may reflect the existence of
minor multiphonon contributions beyond our scanned energy
range. We note that a similar source of uncertainty is not pres-
ent in the phonon DOS determination of Φ(V) because the
phonon DOS is determined from single-phonon contributions
only, and there have been no theoretical reports of single-
phonon modes beyond our scanned energy ranges [e.g., Sha
and Cohen, 2010]. Finally, a comparison of the moments
analysis determinations of fLM(V) and Φ(V) (Figures 1
and 2) reveals larger scatter in the latter parameter, which
results from the fact that the average force constant arises

from a higher-order moment; in particular, higher-order
moments contribute more in the high-energy region of the
measured NRIXS data where counting rates are inherently
low and, in turn, statistical fluctuations result in larger
uncertainties.
[17] To investigate the influence of data collection time

and the energy range of NRIXS experiments on the determi-
nation of Φ(V) for e-Fe, we present a comparison with the
results of previous NRIXS experiments to similar pressures
in Figures 2a and 2b. Figure 2b demonstrates the importance
of a high-statistical quality data set; although the present
results agree within uncertainty with those determined from
our PHOENIX analysis of the NRIXS data reported by
Mao et al. [2001] (blue stars and red x’s), it is obvious that
longer data collection times result in significantly smaller
uncertainties. Lin et al. [2010] also collected high-statistical
quality data points at densities of 12.159 and 12.338 g/cm3

(V=4.684 and 4.616 cm3/mol accounting for isotopic enrich-
ment, or P=158 and 172GPa, respectively), with an energy
range of �100meV around the nuclear transition energy of
57Fe and approximately 20 scans per compression point. In
particular, Lin et al. [2010] used a similar moments analysis
method to derive Φ(4.684 cm3/mol) = 511.7� 5.6N/m and
Φ(4.616 cm3/mol) = 531.4� 8.8N/m (red downward triangles
in Figure 2a), which are in reasonable agreement with our
moments analysis determinations ofΦ(4.70� 0.02 cm3/mol) =
482� 12N/m and Φ(4.58� 0.02 cm3/mol) = 525� 18N/m at
300K (Figure 2a). Such agreement suggests that phonon con-
tributions beyond our scanned energy range (–70 to +90meV)
are minor, and/or are largely captured by the data analysis
procedures of the PHOENIX software [Sturhahn, 2000].

4.1. Obtaining the b-Factors of «-Fe From Φ(V,T)

[18] The volume dependence ofΦ can be used to investigate
e-Fe’s reduced isotopic partition function ratios (b-factors),
which provide information about isotope fractionation during
equilibrium processes involving solid e-Fe at elevated pres-
sures and temperatures. In particular, the b-factor between
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Figure 2. Average force constant of e-Fe from NRIXS data. (a) Black circles give the volume depen-
dence of the average force constant acting on the resonant isotope (Φ) determined from our integrated
phonon DOS for e-Fe (equation (2)); green squares show Φ determined from the third-order moment of
S(E). For comparison, red downward triangles show Φ(V) reported by Lin et al. [2010] using a similar
moments analysis method. (b) Black circles and green squares give the same values for Φ presented in
Figure 2a, now as a function of pressure, which is determined from our in situ XRD measurements and the
Vinet EOS parameters reported by Dewaele et al. [2006]. For comparison, we also plot Φ(P) from our
PHOENIX analysis of the NRIXS data set on e-Fe measured by Mao et al. [2001]; blue stars give Φ from
their phonon DOS, and red x’s give Φ from the third-order moment of their S(E).
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two isotopes at a given pressure is related to their free energies
(F) via

lnb ¼ �F � � F

kBT
þ F � � F

kBT

� �
classical

; (3)

where T is temperature, asterisks denote values for the isoto-
pically substituted form, and the final subscript refers to
values from classical mechanics [Bigeleisen and Mayer,
1947; Schauble, 2004]. From first-order thermodynamic per-
turbation theory, the difference between free energies of
substituted and unsubstituted isotopic forms (F*�F) can
be written in terms of the vibrational kinetic energy (EK)
and the difference in isotope masses,

F � � F ¼ EK
Δm
m

; (4)

where Δm =m – m* (i.e., Δm= –3 when 57Fe substitutes for
54Fe) [Polyakov and Mineev, 1999]. Together with the clas-
sical mechanics value of the kinetic energy, which is equal
to 3kBT/2, equations (3) and (4) can be combined to obtain

lnb ¼ � EK

kBT
� 3

2

� �
Δm
m

: (5)

[19] In Murphy et al. [2011a], we reported values for the
vibrational internal energy (Uvib) from the integrated
total phonon DOS, which comprises equal parts kinetic
and potential energy components in the harmonic lattice
approximation. Therefore, we can use our measured phonon
DOS to determine lnb by applying EK(V,T) = 0.5Uvib(V,T)
from Murphy et al. [2011a] to equation (5). However,
accounting for measured uncertainties for EK(V,T), we find
that by the moderate temperature of 1000K (106/T2 = 1K–2),
b-factors for our smallest and largest compression points are
indistinguishable within uncertainty. In addition, by ~1200K

(~0.7K–2), it becomes unclear whether the b-factors are posi-
tive or negative at all compression points, making it difficult to
draw concrete conclusions about equilibrium isotope fraction-
ation of e-Fe at the temperatures that are relevant for Earth’s
mantle.
[20] Here we present an alternative approach to determining

the pressure and temperature dependence of e-Fe’s b-factors
from the phonon DOS, which reduces the uncertainties and,
in turn, improves the available volume (pressure) and temper-
ature resolution. If the temperature of interest is sufficiently
high such that kBT >>Emax, where Emax is the maximum
(cut-off) energy of the phonon DOS, then we can approximate
the vibrational kinetic energy by

EK V ; Tð Þ ¼ 3

2
kBT þ 1

8kBT

Z
E2D E;V ;Tð ÞdE: (6)

[21] Based on inspection of our measured phonon DOS
[Murphy et al., 2011a], we estimate that the vast majority
of vibrational information lies at energies below ~50 and
75meV for our smallest and largest compression points,
respectively, where the latter Emax implies that equation (6)
is valid for T >> 800K.
[22] Substituting equation (6) into equation (5), we obtain

lnb V ; Tð Þ ¼ �Δm
m

1

8 kBTð Þ2
Z

E2D E;V ;Tð ÞdE; (7)

whose integral is closely related to that given in the defini-
tion of Φ (equation (2)). Therefore, by combining equations
(2) and (7), we obtain the expression

lnb V ; Tð Þ ¼ � Δm
mm�

�h2Φ V ;Tð Þ
8 kBTð Þ2 ; (8)

which is valid above 800K and based on Φ(V,T), where
the temperature dependence of Φ is dictated by the quasi-
harmonic oscillator model. It has been suggested previously
that anharmonic effects may be minor at the extreme
compressions discussed here [Polyakov, 1998, 2009], but
it is possible that the quasi-harmonic model does not
accurately describe the behavior of e-Fe at high tempera-
tures. We rely on the quasi-harmonic model here because
of a lack of sufficient data on the temperature dependence
of e-Fe’s phonon DOS at large compressions.
[23] In Figure 3, the 57Fe/54Fe b-factors for e-Fe deter-

mined using equation (8) and Φ(V) from the phonon DOS
(equation (2)) at each of our compression points are plotted
as separate lines as a function of inverse temperature (106/T2)
between 815 and 2500K. Error bars are given at intervals of
20K, and correspond to the propagation of our measured
uncertainties for Φ(V,T) in equation (8). The resulting average
uncertainty for e-Fe’s b-factors is ~2.5% over our experimen-
tal compression range, with a maximum uncertainty of 4.7%
for P= 36� 2GPa, the compression point at which we
collected the fewest NRIXS scans (section 2). For comparison,
the errors produced when applying our EK(V,T) to equation (5)
are between 5 and 16% at 300K, and their relative magnitude
increases with temperature. Finally, we note that our reported
high-pressure b-factors for e-Fe imply a fairly large pressure
dependence, particularly at lower temperatures. Experiments
directly probing the equilibrium isotopic partitioning of iron
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Figure 3. Reduced isotopic partition function ratios of e-Fe.
Colored lines give the temperature dependence of the 57Fe/54Fe
reduced isotopic partition function ratios (1000lnb57Fe/54Fe) of
e-Fe between T=815 and 2500 K (106/T2 = 1.5 and 0.16 K–2,
respectively) using equation (8) and Φ(V) from the phonon
DOS (equation (2)). Each color corresponds to an individual
compression point, as labeled in the figure. Error bars reflect
the propagation of measured uncertainties for Φ in equation (8),
and are plotted at increments of 20 K.
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at high-PT conditions are needed to confirm or refute this
pressure dependence.
[24] Polyakov [2009] performed a similar analysis using

equation (5) and EK(V,T) from a previously published
NRIXS data set up to 153GPa [Mao et al., 2001]. We note
that the results from our analyses using both equations (5)
and (8) agree fairly well with those reported by Polyakov
[2009], but the results reported by Polyakov [2009] reflect
the large scatter that is present in the data set measured by
Mao et al. [2001]. In addition, we recall that the larger
uncertainties from applying our EK(V,T) to equation (5)
produced indistinguishable b-factors over our entire
compression range by a temperature of 1000K; by contrast,
our analysis using equation (8) resolves a slight volume
(pressure) dependence between most neighboring compres-
sion points up to at least 2000K. These differences cannot
be resolved in the analysis presented by Polyakov [2009].
Therefore, we argue that obtaining b-factors via the average
force constant is a superior approach for evaluating the high-
PT partitioning behavior of iron isotopes in equilibrium
processes involving solid e-Fe.
[25] Dauphas et al. [2012] recently presented a similar method

for obtaining b-factors from the average force constant, based on
NRIXS experiments on iron-bearing oxides. However, their
derivation involved Φ(V) from the moments analysis method,
which led them to caution that average force constants and, in
turn,b-factors obtained fromNRIXS data collected over a limited
energy range (i.e., less than �120meV) might be inaccurate
because higher-energy multiphonon contributions and/or normal
vibrational modes could exist.We avoid this uncertainty by using
Φ(V) from the phonon DOS (equation (2)) to determine e-Fe’s
b-factors, because the phonon DOS is derived from single-
phonon contributions only, and there have been no theoretical
reports of single-phonon modes beyond our scanned energy
ranges [e.g., Sha and Cohen, 2010]. However, for completeness,
we now investigate the significance of potential missing
multiphonon contributions by calculating b-factors for e-Fe from
our moments analysis determinations of Φ(V) at our two largest
compression points, where vibrational information may extend

to higher-energies. UsingΦ(V) obtained from the third-order mo-
ment of our S(E), we determine 103lnb57Fe/54Fe(4.70� 0.02 cm3/
mol)=22.9� 0.6 and 103lnb57Fe/54Fe(4.58� 0.02cm3/mol) =
25.0� 0.8 at 300K, which agree well with b-factors derived
from our integrated phonon DOS (Table 1). Finally, we can also
compare this result with the b-factors based onΦ(V) reported by
Lin et al. [2010], the latter of which were determined from a
moments analysis of NRIXS data collected over an energy range
of �100meV (see Table 1 in reference). The average force
constants measured by Lin et al. [2010] (section 4) provide
103lnb57Fe/54Fe(4.684 cm

3/mol)=24.3� 0.3 and 103lnb57Fe/54Fe
(4.616cm3/mol)=25.3� 0.4, which agree fairly well with the
values given above, thus further supporting the claim that we
capture most of the detail regarding multiphonon contributions
over our scanned energy range.

5. Entropy and Its Relation to the Thermal
Expansion Coefficient of «-Fe

[26] The vibrational entropy (Svib) per
57Fe atom at 300K

can be obtained directly from the integrated phonon DOS
via

Svib Vð Þ ¼ 1

2T

Z
E coth

E

2kBT
D E;Vð ÞdE

�kB

Z
ln 2 sinh

E

2kBT

� �
D E;Vð ÞdE; ð9Þ

where the phonon DOS has been normalized by
R
D(E)dE=3

[Sturhahn, 2004]. Values for Svib(V) for e-Fe determined from
equation (9) are plotted in Figure 4, where one can see that Svib
has an approximately linear dependence, and that it decreases
with decreasing volume (Table 1).
[27] The volumetric derivative of Svib at constant tempera-

ture is related to the vibrational thermal expansion coeffi-
cient (avib) via thermodynamic definition,

@Svib
@V

� �
T

¼ avibKT; (10)

where KT is the isothermal bulk modulus. Because our
Svib(V) is approximately linear, our results suggest that the
product avibKT is independent of volume at a constant
temperature of 300K. Therefore, taking the derivative of
an errors-weighted linear fit of our measured Svib(V), we find
(@ Svib/@ V)300K = 5.70� 0.05 MPa/K. We note that the slope
given in Figure 4 of 0.685 (kB/atom)/(cm3/mol) is equal
to the slope given here via a conversion of units. For com-
parison, the corresponding electronic component for e-Fe
was calculated to be aelKT ~ 0.25MPa/K [Wasserman
et al., 1996], which is a factor of 20 smaller than our
reported vibrational component at 300K.
[28] Applying our (@ Svib/@ V)300K result and KT(V,300K)

from the Vinet equation of state for e-Fe reported by Dewaele
et al. [2006], we find avib(300K)= 1.84� 0.02 10–5K–1 and
0.67� 0.02 10–5K–1 at 30 and 171GPa, respectively, where
reported errors reflect the uncertainties associated with our
fitting procedure (Table 1 and Figure 5). The variation in
EOS parameters reported from XRD studies performed
under varying degrees of hydrostaticity introduces a small
additional uncertainty in avib for our largest compression
points. For example, if we apply KT(V) from the non-
hydrostatic third-order BM EOS reported by Mao et al.
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Figure 4. Vibrational entropy of e-Fe. Black circles
give the vibrational entropy (Svib) at each compression
point and 300 K (equation (9)); the black line gives
the errors-weighted linear fit of our data, the result of
which is given on the figure. We note that the slope
reported here is equivalent to the value given in the text
(5.70� 0.05MPa/K) via a conversion of units.
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[1990] to equation (10), we obtain avib(300K)= 1.83�
0.02 10–5 K–1 and 0.61� 0.02 10–5K–1 at 30 and 171GPa,
respectively, the latter of which is slightly beyond the
mutual determined uncertainties.
[29] Our avib(V) for e-Fe (Table 1) agrees well with results

from first-principles calculations by Sha and Cohen [2010];
based on Figure 6 in the reference, we approximate their
avib(300K) = 0.9� 10–5K–1 and 0.6� 10–5 K–1 at 100 and
200GPa, respectively. In addition, our avib(V) agrees fairly
well with the results of shock-compression experiments by
Jeanloz [1979] at larger compression (see Figure 2 in refer-
ence). Based on the reported fitting equations for the bulk
modulus and a along the Hugoniot (KS,H and aH, respec-
tively), Jeanloz [1979] found aH(90GPa) = 1.2� 10–5K–1

and aH(171GPa) = 0.7� 10–5 K–1. However, at smaller com-
pressions, our values differ beyond uncertainties, with their
reported aH(30GPa) = 2.6� 10–5K–1. This large discrepancy
at small compressions may be the result of different experi-
mental conditions, i.e., shock-compression experiments are
adiabatic, whereas our experiments are isothermal.
[30] It has been shown via theoretical calculations that the

magnitude of the electronic thermal expansion coefficient in-
creases with increasing temperature, while that of the vibra-
tional component decreases [e.g., Wasserman et al., 1996].
This complicated combination of temperature, electronic,
and vibrational effects are all included in aH, whereas our
experiments are isothermal and insensitive to the electronic
contribution. Thus, the agreement between our results and
those of Jeanloz [1979] suggests that the total thermal
expansion coefficient is only weakly dependent on tempera-
ture, particularly at larger compressions. However, this argu-
ment is inconsistent with the conclusions of Alfè et al.
[2001] and Wasserman et al. [1996], both of whom found
avibKT to have a significant temperature dependence. For
example, Wasserman et al. [1996] report that at a pressure
of 58GPa, their avibKT decreases by ~10% between
T= 1000 and 6000K due to anharmonic effects, but their
overall aKT increases by 40% as a result of the rapidly
increasing electronic contribution in metallic e-Fe. We note
that our avib(V,300K) is indeed smaller than their plotted
avib(V) at elevated temperatures (T ≥ 1000K; see Figures 11

and 8 in references, respectively), but a quantitative compari-
son at 300K is not straightforward from their figures alone.
[31] Finally, our avib(V) is approximately half as large as

a(V) reported by Anderson et al. [2001] and Isaak and
Anderson [2003]. These two studies are related, and both
are based on the differentiation of previously reported
high-PT XRD data collected for e-Fe up to 305GPa and
1370K [Dubrovinsky et al., 2000]. Comparing their reported
values with our measurements at the most similar molar
volumes per atom, Isaak and Anderson [2003] found
a(5.9 cm3/mol) = 3.88� 10�5 K�1 and a(4.9 cm3/mol) =
1.61� 10�5 K�1, both of which are roughly twice as large
as our measured values (Table 1). We acknowledge that
investigations of a from XRD include electronic contribu-
tions, to which our measurements are insensitive. However,
based on the high-statistical quality of our data set and
aelKT ~ 0.25MPa/K at 300K reported by Wasserman et al.
[1996] (see Figure 8 in reference), we conclude that the
our results do not agree with those of Anderson et al.
[2001] and Isaak and Anderson [2003].

5.1. Other Thermodynamic Parameters From avib

[32] Our knowledge of the product avibKT allows us to
investigate a number of other thermodynamic parameters
for e-Fe. For example, avibKT is equal to the temperature
derivative of the vibrational thermal pressure via thermody-
namic definition and Maxwell’s relations

avibKT ¼ 1

V

@V

@T

� �
P

� �
�V

@P

@V

� �
T

� �
¼ @Pvib

@T

� �
V

: (11)

[33] In our previous study, we reported e-Fe’s harmonic
vibrational thermal pressure (Pvib

h ) to Earth’s core condi-
tions, based on the volume and temperature dependence of
e-Fe’s vibrational free energy (Fvib) [Murphy et al., 2011b].
In particular, we obtained Fvib from each of our mea-
sured phonon DOS, and determined Fvib(V,300K) from an
errors-weighted quadratic fit. We then took the volume
derivative of the resulting quadratic function and found
Pvib
h (V,300K) = (@Fvib/@V)300K = 4.22 – 0.323V. To investi-

gate Fvib(V,T> 300K) and, in turn, the temperature depen-
dence of Pvib

h , we applied the quasi-harmonic oscillator
model to our measured phonon DOS and repeated the same
procedure [Murphy et al., 2011b]. Then, by taking the
temperature derivative of errors-weighted quadratic fits our
Pvib
h (V,T) at each compression point between T= 100 and

1000K, we found avibKT(300K) = 5.5� 0.2MPa/K. This
result agrees well with the value determined here of
5.70� 0.05MPa/K, and we attribute the ~3% discrepancy
between these two results to the fact that we are comparing
derivatives of two parameters obtained from our experimental
data.
[34] Based on the thermal pressure analysis presented in

our previous study, we determined a core-density deficit
(CDD) of 5.6� 0.2% [Murphy et al., 2011b], which implies
that e-Fe is significantly more dense than the solid inner core
at the conditions of Earth’s inner core boundary. A similar
derivation is not reported here because we have restricted
the present analysis to the temperature conditions of our
experiments (300K), and temperature effects—in addition
to electronic effects—must be considered when estimating
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Figure 5. Vibrational thermal expansion coefficient of e-Fe
at 300K. The volume dependence of the vibrational thermal
expansion coefficient (avib) was determined using our
measured Svib(V), equation (10), and Vinet EOS parameters
reported by Dewaele et al. [2006].
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the CDD. However, good agreement between our two
analyses suggests that the presently derived thermal expan-
sion coefficient of e-Fe is consistent with our previous
CDD. Such a result implies that a significant amount of light
elements must be present in the solid inner core to match
seismic observations, although the amount and identity
of this light element component remains poorly constrained
due to uncertainties in the stoichiometries, crystal structures,
thermodynamics, and equations of state of alloys containing
iron and candidate light elements for the core at high-PT
conditions.
[35] Another parameter that can be determined from

avibKT is the vibrational Grüneisen parameter, gvib, which
is defined as

gvib ¼
avibKTV

Cvib
: (12)

[36] Thus, we can estimate gvib(V) by applying our in
situ measured sample volumes (V), values for the vibrational
specific heat capacity (Cvib) from the phonon DOS that were
reported in our previous study [Murphy et al., 2011a], and
(@ Svib/@ V)300K from the present analysis to equation (12).
This new analysis of gvib agrees within uncertainty with
our previous gvib(V)—which was based on the volume depen-
dence of the total phonon DOS—but equation (12) predicts
a shallower slope than our original analysis presented in
Murphy et al. [2011a]. Using the common parameterization

gvib(V) = gvib,0(V/V0)
q, where the subscript “0” corresponds

to ambient pressure conditions and q determines the curva-
ture of gvib(V), we previously reported a preferred q range
of 0.8 to 1.2 for gvib,0 = 2.0� 0.1 [Murphy et al., 2011a];
the analysis using equation (12) predicts q ~ 0.4 and
gvib,0 ~ 1.6. This apparent discrepancy highlights how difficult
it is to constrain q in the parameterization for gvib written
above, as noted in our previous study [Murphy et al., 2011a].
[37] The two methods for determining gvib(V) agree fairly

well at our larger compression points, with identical values
at V=4.89� 0.02 cm3/mol and 4.81� 0.02 cm3/mol; at our
largest compression point, gvib(4.58� 0.02 cm3/mol) = 1.40
� 0.03 from equation (12), accounting for all reported
uncertainties, and 1.34� 0.1 from our original analysis
[Murphy et al., 2011a]. We note that the apparently larger
uncertainty from our original analysis reflects the range of q
values included in the final reported fit to our individual gvib
data points. In fact, the fitting procedure described inMurphy
et al. [2011a] for any of the individual q values discussed
(i.e., q= 0.8, 1, or 1.2) resulted in an uncertainty for gvib of
only 0.02. We attribute the slightly larger uncertainty in the
present analysis to the fact that the use of equation (12)
involves a more circuitous path from the phonon DOS to gvib,
which relies on a number of independent parameters.

6. Sound Velocities

[38] A material’s Debye sound velocity (vD) is related
to the low-energy region of its phonon DOS, which is
parabolic (“Debye-like”) [e.g., Sturhahn and Jackson,
2007]. We find that e-Fe’s phonon DOS has a substantial
parabolic region (Figure 6), which allows us to determine
vD at each compression point by using an exact relation for
the dispersion of low-energy acoustic phonons and our
determined densities [Hu et al., 2003; Sturhahn and
Jackson, 2007]. We note that the densities (r) used in our
sound velocity determinations are based on our in situ
measured volumes and account for the isotopic enrichment
of our samples, i.e., m*95% = 56.95 g/mol for 95% isotopi-
cally enriched 57Fe (Table 2).
[39] The energy ranges for the parabolic region from which

we determine vD at each compression point are given in
Table 2. A typical minimum energy for the fit is 3.5meV,
which is slightly larger than the width of the measured resolu-
tion functions (section 2) [e.g., Murphy et al., 2011a]. The
maximum energy for each compression point is determined
using a w2 analysis of our parabolic fits (Figure 6), and varies
between 12 and 22meV (Table 2). In general, wider energy
ranges correspond to larger compressions. However, smaller
energy ranges are used for compression points where the
maximum energy of the parabolic region is not clearly
defined, i.e., where there is a gradual increase in w2 with
increasing width of the fitted region.
[40] The resulting vD values are given in Table 2 and

plotted in Figure 7, where one can see that there is no resolv-
able discontinuity in our measured sound velocities for
NRIXS experiments performed in neon (P ≤ 69GPa) and
boron epoxy pressure transmitting media (Table 1). Typical
uncertainties are ≤1%, with the exception of our measure-
ment at r= 12.13� 0.03 g/cm3 (P= 151� 5GPa), which
has a larger uncertainty because of a “tail” on the measured
resolution function that extends to approximately �20meV.

5 10 15 20 25 30

0

5

10

15

20

25

0
3

3.5

4

4.5

5

5.5

6

0 20 40 60
Energy (meV)

D
(E

,V
) 

(1
/e

V
)

χ
2

(E
2 / D

(E
,V

))
1/

3 
;  v D

 (k
m

/s
ec

)

E (meV) ; Emax (meV)

P  = 90 +/- 3 GPa

Figure 6. Representative determination of vD from our
NRIXS data. As an example, we show how the Debye sound
velocity (vD) was determined from the measured phonon DOS
at 90� 3GPa, which is plotted with experimental error bars as
a function of energy in the inset. The black curve in the main
figure reflects the low-energy region of the phonon DOS,
which has been inverted, scaled by energy-squared, and
cube-rooted to allow for visual identification of the parabolic
region as the energy-independent segment. The red line gives
our fit of the parabolic region between 3.5 and 18meV and,
in turn, vD, based on an exact relation for the dispersion of
low-energy acoustic phonons and our determined densities.
The minimum energy of the fitted region, demonstrated by
the onset of the solid black line in the main figure, is slightly
larger than the measured resolution function, and the
maximum energy (Emax) was determined via a w2 analysis of
our parabolic fits, given by the blue circles.
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There is a slight difference in the values for vD given in
Table 2 and in Murphy et al. [2011a], which results from
the use of a more restricted energy range in the present anal-
ysis. The Debye sound velocities reported here agree within
uncertainties with those reported in Murphy et al. [2011a],
except for our measurements at 77� 3 and 151� 5GPa.
The disagreement at these two compression points likely
reflects the fact that the cut-off energies for the parabolic
region are not clearly defined. Finally, we note that when
reperforming the analysis presented by Murphy et al.
[2011a] for determining the Debye Grüneisen parameter
from the density dependence of vD, the fitting parameters
from the present analysis are identical to those reported in
Murphy et al. [2011a].
[41] Here we use our measured vD and r to determine

e-Fe’s compressional (vp) and shear (vs) sound velocities via

KS

r
¼ v2P �

4

3
v2S; (13)

3

v3D
¼ 1

v3P
þ 2

v3S
(14)

[e.g., Sturhahn and Jackson, 2007], where the adiabatic bulk
modulus (KS) is related to the isothermal bulk modulus (KT)
via KS =KT(1 + agT). To determine KS at each compression
point, we scale the ambient temperature KT from the Vinet
EOS reported by Dewaele et al. [2006] with the vibrational
Grüneisen parameter (gvib) from Murphy et al. [2011a] and
avib from section 5 (Table 1). Using these parameters and
accounting for uncertainties in avib and gvib, we find
avibgvibT< 0.01 over our compression range and at 300K,
thus introducing a difference between KS and KT of less
than 1% (Table 2). We note that electronic contributions
to a and g are expected to be minor at 300K, based on
the facts that ael / avib � 4% [Wasserman et al., 1996], and
the influence of the electronic Grüneisen parameter (weighted
by the electronic specific heat capacity) is thought to be neg-
ligible over this compression range [Boness et al., 1986; Alfè
et al., 2001]. Finally, applying these values for KS and our
measured vD and r to equations (13) and (14), we determine
vp and vs at each of our compression points. The results of

this analysis are given in Table 2 and plotted in Figure 7
as a function of density. Discussion regarding the influence
of EOS on the determination of vp and vs will be presented
in the next section.
[42] An alternative method for determining vs that does not

rely on an existing EOS for e-Fe is to apply our vD to equation
(14), along with previously reported values for e-Fe’s vp. For
example, the high-energy resolution inelastic X-ray scattering
(HERIX) technique has been used to determine e-Fe’s
compressional sound velocity by measuring the low-energy
region of the dispersion curve for e-Fe’s longitudinal acoustic
phonons (see section 6.1 for more details). Such experiments
have been performed on polycrystalline e-Fe to a pressure of
112GPa [e.g., Fiquet et al., 2001; Antonangeli et al., 2004;

Table 2. Elasticity of e-Fe From the Phonon DOS

r (g/cm3)a P (GPa) Energy Range (meV)b vD (km/s)b KS (GPa)
c vp (km/s)c vs (km/s)c m (GPa)c

9.61(3) 30(2) 3.5–15 4.33(2) 312 7.25(8) 3.88(2) 145(2)
9.80(1) 36(2) 3.5–12 4.38(6) 340 7.42(8) 3.91(5) 150(4)
10.25(1) 53(2) 3.5–18 4.53(4) 411 7.87(8) 4.05(4) 168(3)
10.63(1) 69(3) 3.5–16 4.79(4) 476 8.32(8) 4.28(3) 195(3)
10.80(2) 77(3) 3.5–18 4.86(2) 506 8.48(8) 4.34(2) 203(2)
11.06(2) 90(3) 3.5–18 5.07(3) 558 8.81(9) 4.52(2) 226(2)
11.38(5) 106(3) 3.5–18 5.17(3) 621 9.11(9) 4.61(3) 242(3)
11.64(2) 121(3) 3.5–15 5.37(4) 677 9.42(10) 4.79(4) 267(4)
11.84(2) 133(4) 3.5–17 5.37(5) 721 9.56(11) 4.79(4) 271(5)
12.13(3) 151(5) 9.7–18 5.51(7) 786 9.84(12) 4.91(6) 292(8)
12.43(3) 171(5) 3.7–22 5.60(6) 859 10.11(12) 4.99(6) 309(7)

aDensities (r) were determined from our in situ measured volumes (Table 1) and m*95% = 56.95 g/mol for 95% isotopically enriched 57Fe.
bThe best energy range over which to fit the phonon DOS to obtain the Debye sound velocity (vD) was determined by w2 analysis (section 6); vD at each

compression point depends on our in situ measured volumes (densities) and accounts for 57Fe enrichment levels.
cThe adiabatic bulk modulus (KS) was determined from the relationship KS =KT(1 + agT), with the isothermal bulk modulus (KT) reported by Dewaele

et al. [2006], our avib from Table 1, and our previously reported gvib [Murphy et al., 2011a]. KS was used with our r and vD(r) to determine the
compressional (vp) and shear (vs) sound velocities and the shear modulus (m) for e-Fe using equations (13) and (14). Reported uncertainties in the last
significant digit(s) reflect uncertainties determined by the PHOENIX software [Sturhahn, 2000]. We note that uncertainties are not given for KS because
they would largely reflect uncertainties in the EOS parameters reported by Dewaele et al. [2006]; in particular, our uncertainties in avib and gvib contribute
a maximum error of only 0.2GPa.
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Figure 7. Our density-dependent sound velocities of e-Fe at
300K with PREM. Filled black circles give our preferred
Debye (vD), compressional (vp), and shear (vs) sound velocities
for e-Fe as a function of density, based on our NRIXS and in
situ XRD experiments and the Vinet EOS measured by
Dewaele et al. [2006] (Table 2). Uncertainties in sound
velocities and densities are smaller than the symbol if not
visible. Blue lines show vp(r) and vs(r) from PREM through-
out Earth’s core [Dziewonski and Anderson, 1981]; the
discontinuity in vp corresponds to the density jump across
the ICB, and vs= 0 in Earth’s liquid outer core.
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Antonangeli et al., 2012;Mao et al., 2012]. Antonangeli et al.
[2012] recently measured vp(80GPa) = 8.83� 0.14 km/s and
vp(93GPa) = 9.04� 0.21 km/s at 300K, where their reported
pressures are based on in situ XRD experiments and the ther-
mal EOS for e-Femeasured byFiquet et al. [2007] (see Table 1
in reference). At the most similar compressions—based on
sample volumes measured by in situ XRD in each study, but
presented in terms of reported pressures for ease of compari-
son—our NRIXS experiments provide vD(77� 3GPa) =
4.86� 0.02 km/s and vD(90� 3GPa) = 5.07� 0.03 km/s.
Finally, applying these values to equation (14), we obtain vs=
4.33� 0.03 km/s and 4.52� 0.03 km/s at ~77 and 90GPa,
respectively, where the uncertainties reflect reported errors for
both vD and vp. These values for vs are identical to those deter-
mined using equations (13) and (14), the Vinet EOS reported
by Dewaele et al. [2006], and our determined thermoelastic
parameters for e-Fe (Table 2).
[43] To compare our results with one-dimensional seismic

models, we include in Figure 7 the density-dependent sound
velocities predicted by the preliminary reference Earth
model (PREM) [Dziewonski and Anderson, 1981] for the
liquid outer core (P ~ 136 to 329GPa) and solid inner core
(~329 to 364GPa). The apparent discontinuity in PREM’s
vp(r) corresponds to the density increase across the
inner core boundary (ICB). From an errors-weighted
least-squares linear fit of our measured vp(r) (i.e., Birch’s
Law; [Birch, 1960, 1961]), we determine a slope of
1.04� 0.02 (km/s)/(g/cm3). Using this slope to extrapolate
our vp(r) to the expected density of e-57Fe at the pressure of
the ICB (14.3 g/cm3 from [Dewaele et al., 2006]), we find
vp(330GPa, 300K) for e-Fe is 10.5% larger than the reported
value from PREM on the inner core side of the ICB. Under-
standing the reasons for this offset is challenging, due to the
fact that our experiments are performed at 300K and the

temperature at the ICB has an ill-constrained range of
~5000 to 7000K, based on e-Fe’s reported melting behavior
[e.g., Sola and Alfè, 2009; Komabayashi and Fei, 2010;
Jackson et al., 2013].
[44] Birch’s law is an empirical relation based on the

experimental determination of compressional sound
velocities for a wide variety of Earth materials as a function
of compression and, thus, it is only strictly relevant for vp(r).
However, in the absence of reliable information about the
density dependence of e-Fe’s shear modulus beyond our
compression range (Table 2), we use the same relationship
to estimate vs(330GPa, 300K). We find that the shear sound
velocity of e-Fe at 300K is 68% larger than the reported
value for PREM on the inner core side of the ICB.

6.1. Comparison With Previous Studies of «-Fe’s
Sound Velocities

[45] To facilitate comparison with studies that did not
measure sample volume with in situ XRD, we convert
our measured volumes to pressures with the Vinet EOS for
e-Fe measured by Dewaele et al. [2006] (Table 2), using a
natural iron sample. To the best of our knowledge, the
resulting EOS is also appropriate for our 57Fe isotopically
enriched sample because the slight difference in mass
compared to natural Fe (m= 55.85 g/mol) should have a
negligible effect on its elastic moduli (e.g., bulk modulus).
[46] The resulting vD(P) are plotted in Figure 8, along with

previously reported ambient temperature sound velocities
for e-Fe up to 172GPa [Mao et al., 2001; Lin et al., 2005;
Mao et al., 2008; Lin et al., 2010]. Values from Lübbers
et al. [2000] are not included because the energy scale used
in that study was incorrect. In addition, we do not include
reported values from Giefers et al. [2002] because their
NRIXS experiments were performed on a purposefully
textured sample, with the DAC oriented at an angle relative
to the incident X-ray beam; without in situ XRD, it is diffi-
cult to know the true volume (pressure) of their measured
data points. Finally, we note that a comparison of e-Fe’s
shear sound velocities would look similar to Figure 8
because vs and vD are closely related, as can be seen in the
numerator values of equation (14) and in Figure 7.
[47] In Figure 8, it is evident that our data provide a new

tight constraint on the pressure dependence of vD for e-Fe,
particularly at smaller compressions where results from
previous static-compression experiments are scattered. In
addition, the high-statistical quality of our data produces
errors that are ~60% and 30% smaller than those measured
by Mao et al. [2001] and Lin et al. [2005], respectively,
based on similar PHOENIX analyses of their published
NRIXS data sets. Finally, our vD(150� 5GPa) is slightly
lower than that measured by Mao et al. [2001] (blue
diamonds) at a similar pressure of 153GPa (albeit within
uncertainty), while vD for our two largest compression points
are significantly lower than those measured by Lin et al.
[2010] using the same experimental geometry (Figure 8). It
is unclear why our vD differ by such a large amount from
those measured by Lin et al. [2010] at similar densities
(pressures), and further explanation is made difficult by the
fact that Lin et al. [2010] present two large-compression data
points independent of a systematic study with compression.
When comparing values for Φ(V)—which are based on the
integrated phonon DOS—from the present study and from
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Figure 8. Debye sound velocities of e-Fe at 300K. Filled
black circles give our Debye sound velocities as a function
of pressure, vD(P), where our measured volumes have been
converted to pressures using the Vinet EOS parameters
reported by Dewaele et al. [2006] to facilitate comparison
with previous studies (unfilled symbols). Also plotted are
vD(P) reported by Mao et al. [2001] (blue diamonds), Lin
et al. [2005] (green x’s), Mao et al. [2008] (purple squares),
and Lin et al. [2010] (red downward triangles). We note
that vD(P) plotted from Lin et al. [2010] are taken from
their experimental geometry that is most similar to ours, i.e.,
NRIXS measured along the compression axis (see Table 1 in
reference).
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Lin et al. [2010] (section 4), discrepancies remain but with
smaller magnitudes; therefore, it is possible that such dis-
crepant sound velocities result from different fitting proce-
dures for determining vD from the low-energy region of the
phonon DOS (e.g., Figure 6 and section 6). Finally, we
emphasize that this disagreement is unrelated to the fact that
we apply the Vinet EOS from Dewaele et al. [2006] in our
sound velocity determinations, while Lin et al. [2010] apply
the third-order BM EOS from Mao et al. [1990], because
vD is derived from the low-energy region of the phonon
DOS and sample density only. In fact, the disagreement
between our vD and those reported by Lin et al. [2010]
becomes even larger if we apply the third-order BM EOS
from Mao et al. [1990], because it shifts the pressure of our
two largest compression points to 155 and 178GPa,
respectively.
[48] Next, we plot in Figure 9 the compressional sound

velocities for e-Fe as a function of pressure, where one can
see that the overall trend of our vp(P) (black filled circles)
agrees fairly well with previous NRIXS studies on e-Fe
[Mao et al., 2001; Lin et al., 2005; Mao et al., 2008; Lin
et al., 2010]. The better agreement among vp(P) determined
from NRIXS, as compared to vD(P), is a result of the fact
that vp is strongly influenced by KS (equation (13)), which
is determined from existing EOS for e-Fe. To investigate
the influence of the applied EOS on vp(P), we include in
Figure 9 vp(P) based on our NRIXS and in situ XRD data,
with KS from the third-order BM EOS reported by Mao
et al. [1990] (gray dashed line and crosses), which was
measured under nonhydrostatic conditions. The excellent
agreement between vp(P) determined from the two different
EOS for our four lowest-pressure points—where the sample

was enclosed in a quasi-hydrostatic neon pressure medium—
reflects the similarity of EOS measured under varying degrees
of hydrostaticity at small compressions. At larger compres-
sions, however, the sample environment under which the
EOS was measured affects KS(V) and, in turn, both the
pressure and extracted vp for a given compression point.
In particular, vp determined using the nonhydrostatic EOS
reported by Mao et al. [1990] are slightly faster for our
largest compression points, the pressures of which are also
shifted to higher values (Figure 9). Finally, we note that these
EOS produce values for vs that are identical within uncertainty,
because vs is closely related to vD (equation (14)) and inde-
pendent of KS, by definition; however, the influence of the
EOS on the pressure of a given compression point is the
same as that depicted for vp(P) in Figure 9.
[49] Another evident feature of Figure 9 is that the values

and slopes of our vp(P) agree fairly well with values reported
in HERIX studies on e-Fe performed by Antonangeli et al.
[2004] and [2012] at 300K, while there is significant
disagreement with those measured by Mao et al. [2012]
using HERIX. One contributing factor to this disagreement
is the fact that NRIXS experiments probe 95% isotopically
enriched 57Fe samples (m*95% = 56.95 g/mol), while the
HERIX experiments discussed here probed natural iron
samples (m= 55.85 g/mol). In the harmonic oscillator model,
a particle’s vibrational frequency is inversely proportional to
the square-root of its mass; thus, heavier isotopes oscillate
with slower frequencies. In turn, following vp / m–1/2, one
would expect the sound velocities of e-57Fe probed with
NRIXS to be ~1% slower than those of natural e-Fe probed
with HERIX at a given volume. The density of e-57Fe at a
given volume is also ~2% larger than that of natural e-Fe
and, therefore, the different isotopes probed in NRIXS and
HERIX experiments explain part of the difference evident
in Figure 9. However, isotopic mass alone cannot explain
this discrepancy because the pressure derivatives of vp(P)
revealed by NRIXS and HERIX also appear to be different.
[50] Another likely explanation lies in the fact that NRIXS

and HERIX access the compressional sound velocities of e-Fe
in slightly different ways. NRIXS probes the projected pho-
non DOS, which comprises nearly all lattice vibrations in
the crystal based on the geometry and averaging procedures
of the technique (see [Sturhahn and Jackson, 2007] for more
details). The low-energy region of the phonon DOS—
between 3.5 and 12 to 22meV in the present study (Table 2)—
then, provides a Debye sound velocity that is averaged over
essentially all crystallographic directions. In turn, the Debye
sound velocity is used with an established EOS to determine
the compressional sound velocity (section 6).
[51] HERIX measures points along the low-energy region

of the dispersion curve, where the minimum accessible pho-
non energy is determined by the signal-to-noise ratio, energy
resolution of the monochromator, selection rules, and sepa-
ration of the diamond anvils’ transverse acoustic peak from
e-Fe’s longitudinal acoustic phonon peak. For example,
Antonangeli et al. [2004] probed the phonon dispersion curve
of e-Fe for E≥ 35meV (see Figure 4 in reference), whileMao
et al. [2012] and Antonangeli et al. [2012] were able to mea-
sure e-Fe’s longitudinal acoustic mode for E ≥ 20meV (see
Figure 1 in each reference). In turn, the authors determined
vp by taking the derivative of a sine-function fit of their
measured acoustic phonon dispersion curves. Finally,
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Figure 9. Compressional sound velocities of e-Fe at
300K. Filled black circles give our compressional sound
velocities as a function of pressure, vp(P). To demonstrate
the influence of the EOS used to extract vp and vs, we include
vp(P) from our vD(r) and the third-order BM EOS deter-
mined by Mao et al. [1990] (gray dashed line and crosses);
we note that the different EOS produce a similar shift in
pressure for vs(P), but the values for vs remain unchanged
(section 6.1). Also plotted are vp(P) from NRIXS experi-
ments conducted by Mao et al. [2001] (blue diamonds),
Lin et al. [2005] (green x’s), and Mao et al. [2008] (purple
square) on isotopically enriched iron; and vp(P) from HERIX
experiments on natural iron by Antonangeli et al. [2012]
(black triangles), Mao et al. [2012] (red right triangles), and
Antonangeli et al. [2004] (orange downward triangles).
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HERIX’s ability to select for longitudinal acoustic phonons
allows for the investigation of longitudinal (compressional)
sound velocities along specific crystallographic directions
for single crystal samples. The same is approximately true
for textured polycrystalline samples, assuming the preferred
orientation directions are well known.
[52] To demonstrate the significance of this contrast, we

highlight a comparison between our experimental conditions
and results with those reported by Antonangeli et al. [2004]
in their HERIX study. Antonangeli et al. [2004] prepared a
DAC with purposefully nonhydrostatic sample conditions,
to develop texture (preferred orientation) in their polycrys-
talline e-Fe sample. They then investigated the phonon
dispersion curve along directions that were 50� and 90� from
the c-axis in e-Fe by rotating the DAC with respect to the
incident X-ray beam. In our experiments, we also observed
some sample texturing in our five largest compression points
(P ≥ 106GPa), as indicated by a loss of intensity in the (002)
diffraction peak (section 2). Although our sample texturing
is similar to that presented by Antonangeli et al. [2004],
we restate that our measured sound velocities are not
similarly affected because they are obtained from the
phonon DOS, which comprises phonons along nearly all
lattice directions [Sturhahn, 2004].
[53] The different isotopic masses and directional sensitivi-

ties of our NRIXS experiments and the HERIX experiments
performed by Antonangeli et al. [2004] make direct compari-
son challenging. One available method is to apply values for
the elastic stiffness constants of e-Fe to the Christoffel equa-
tion [Musgrave, 1970], in order to determine the sound veloc-
ities for all crystallographic directions. Then, by using the
appropriate averaging procedures [Sturhahn, 2000; Sturhahn
and Jackson, 2007], one can explore the relative directional
sensitivity of sound velocities determined with NRIXS. The
elastic stiffness constants of e-Fe have not been measured
because such a single-crystal does not yet exist with large
enough dimensions, so we apply values from first-principles
calculations at 52GPa and 300K by Steinle-Neumann et al.
[2004]. Using this procedure, vp(0�) is ~1% (~80m/s) faster
than vp(90�), where 0� corresponds to a wave propagating
along the c-axis direction. This result agrees qualitatively with
the experiments by Antonangeli et al. [2004], who found that
vp(50�)> vp(90�) with a contrast of 450m/s. However, the
predicted magnitude of anisotropy from the Christoffel equa-
tion is smaller than that reported by Antonangeli et al.
[2004], and in fact would not be detectable with NRIXS based
on the uncertainties of our dataset (Table 2). In particular, if we
apply the proper averaging procedures, then vp(50GPa) from
NRIXS would be ~10m/s faster than vp(90�), and ~70m/s
slower than vp(0�), both of which lie within our reported
uncertainties at ~50GPa. We note that this argument is meant
to be qualitative because there is a large amount of uncertainty
associated with the elastic stiffness constants of e-Fe, which
are the primary input parameters for this calculation.
6.1.1. Alloying Effects
[54] The Earth’s core is thought to contain ~5 to 10wt%

nickel (Ni) and some light elements [McDonough, 2003],
based on comparisons of seismic and cosmochemical obser-
vations with static- and shock-compression experiments on
iron. Now that the compressional and shear sound velocities
of pure iron have been firmly established to an outer core
pressure of 171GPa, an important next step is to investigate

the effects of alloying light elements with iron on its
thermoelastic properties.
[55] A significant theoretical and experimental effort has

been dedicated to determining the sound velocities of iron
alloyed with popular candidate light elements for the core
(e.g., H, C, O, Si, and Si). In particular, HERIX [e.g., Badro
et al., 2007; Antonangeli et al., 2010; Mao et al., 2012;
Shibazaki et al., 2012] and NRIXS [e.g., Struzhkin et al.,
2001; Lin et al., 2003b; Lin et al., 2004; Mao et al., 2004;
Gao et al., 2009] have been used extensively to investigate
the sound velocities of iron alloys. Although NRIXS is an
isotope-selective technique, we note that it has been shown
previously that the low-energy region of the phonon DOS
provides the Debye sound velocity of the bulk sample
[e.g., Hu et al., 2003]. Theoretical calculations [e.g., Stixrude
et al., 1997; Steinle-Neumann et al., 2003; Vo�cadlo et al.,
2009] and shock-compression experiments [e.g., Jeanloz,
1979; Brown and McQueen, 1986; Nguyen and Holmes,
2004; Huang et al., 2011] have also played an important role
in this discussion, but we do not include their results here
because they often report sound velocities at simultaneous
high-PT conditions.
[56] In Figure 10, we plot the pressure dependence of our

measured Debye sound velocities (vD; filled circles) with
those reported from previous NRIXS studies on iron alloyed
with H, C, Si, S, and Ni [Lin et al., 2003b; Lin et al., 2004;
Mao et al., 2004; Gao et al., 2009]. One of the most striking
features of Figure 10 is the limited pressure range over
which iron alloys have been probed with NRIXS. A number
of data points lie at pressures below the stability field of e-Fe
(i.e., P< 17.7GPa from [Dewaele et al., 2006]) and, thus,
cannot be directly compared with our results. In subsequent
figures, the maximum pressure plotted reflects the range
over which our data overlap with existing data for the sound
velocities of iron alloys, providing a better depiction of the
relevant features that will be discussed in more detail.
[57] Finally, we note that although oxygen is a candidate

light element for the Earth’s core, we do not include FeO
in our figures or discussion because of a current lack of suf-
ficient sound velocity data. Struzhkin et al. [2001] investi-
gated FeO in the diamond-anvil cell with NRIXS and
reported a calculated curve for the sound velocities as a
function of momentum transfer (see Figure 4b in reference),
not as a function of pressure. In addition, previous HERIX
measurements of FeO by Badro et al. [2007] report vp only
as a function of density, without a clear explanation of the
pressure range, crystal structure, or XRD measurements
used to determine the amount of compression. As a result,
a discussion of the effects of alloying oxygen with Fe is
not straightforward and will not be included here.
6.1.2. Alloying Effects on «-Fe’s Compressional
Sound Velocities
[58] We plot in Figure 11 the pressure dependence of our

compressional sound velocities (vp; filled circles) with those
from NRIXS and HERIX studies of iron alloys up to
106GPa. First considering only NRIXS results, it appears that
the alloying of nickel and light elements does not significantly
affect iron’s compressional sound velocities at these pressures.
In particular, distinctly different sound velocities for e-Fe and
iron alloys with systematic offsets are difficult to identify,
especially for NRIXS experiments performed on FeHx [Mao
et al., 2004] and Fe0.92Ni0.08 [Lin et al., 2003b]. It is possible

MURPHY ET AL.: THERMOELASTICITY OF hcp-Fe TO 171GPa

12



that NRIXS experiments on Fe3C [Gao et al., 2009] and
Fe0.85Si0.15 [Lin et al., 2003b] indicate slightly faster compres-
sional sound velocities than those of e-Fe, while NRIXS
experiments on Fe3S [Lin et al., 2004] suggest slightly slower
compressional sound velocities. However, these differences
are largely within reported uncertainties, thus prohibiting
further quantitative discussion.
[59] Also evident in Figure 11 is the seemingly systematic

offset between NRIXS and HERIX results, where the latter
tends to measure faster compressional sound velocities than
the former for a given composition, possibly due, in part, to
the isotopic enrichment of NRIXS samples (section 6.1). To
facilitate comparisons among HERIX experiments and to
avoid visual bias, we include in Figure 11 vp(P) for e-Fe as
measured by Antonangeli et al. [2012] (black triangles). A
comparison of HERIX results for e-Fe and Fe0.78Ni0.22
[Kantor et al., 2007] indicate that 22 atomic percent Ni has
only a slight effect on the compressional sound velocities
of pure iron, although it stabilizes the face-centered cubic
crystal structure over their experimental compression range
(12 to 66GPa) at 300K. By contrast, the compressional
sound velocities measured by Lin et al. [2003b] for a
lower-nickel content alloy (Fe0.92Ni0.08) are attributed to
the hcp unit cell, which is consistent with existing high-
pressure XRD studies of Fe0.9Ni0.1 [e.g., Tateno et al.,
2012]. Despite their slightly different compositions and
crystal structures, it is worth noting that vp(P) measured by
NRIXS and HERIX for these iron-nickel alloys agree well.
[60] Comparisons of HERIX results for e-Fe with Fe3C

[Fiquet et al., 2009], Fe0.85Si0.15 [Mao et al., 2012], and
Fe0.89Ni0.04Si0.07 [Antonangeli et al., 2010] suggest that
carbon and silicon increase the compressional sound veloci-
ties of Fe slightly, which is consistent with the conclusion
drawn from NRIXS experiments. An increase is also seen
in the compressional sound velocities of FeHx measured by
HERIX [Shibazaki et al., 2012], but this trend is not
observed in NRIXS experiments. One possible explanation

for this discrepancy may lie in the unique challenge
associated with determining the amount of hydrogen in the
lattice of double hexagonal-close packed (dhcp) FeHx

[Mao et al., 2004; Shibazaki et al., 2012]. Hydrogen is diffi-
cult to detect with XRD, and its concentration cannot be
measured in recovered samples because the hydrogen atoms
escape the lattice upon decompression to ambient pressures.
As a result, both Mao et al. [2004] and Shibazaki et al.
[2012] estimate the composition of their dhcp-FeHx samples
from its measured EOS [Hirao et al., 2004; Shibazaki et al.,
2012], and determine x�1. In turn, this inherent composi-
tional uncertainty may play a role in the disagreement of
their measured compressional sound velocities, where Mao
et al. [2004] find vp(P) for dhcp-FeHx that are identical to
our results for e-Fe up to 52GPa using NRIXS, while
Shibazaki et al. [2012] report vp(P) from HERIX experi-
ments up to 70GPa that are larger than those measured for
e-Fe with HERIX [Antonangeli et al., 2012] and have a
different slope.
[61] The relatively large error bars on the reported compres-

sional sound velocities of iron alloys—even at small
compressions—make it difficult to further resolve and quan-
tify the effects of alloying on e-Fe’s thermoelastic properties.
In addition, the measurements for iron alloys discussed here
were performed at pressures that are ~1/2 that of Earth’s
core-mantle boundary, and experimental uncertainties are
likely to increase with compression as counting rates decrease
and statistical fluctuations become more important. Some of
these uncertainties can be reduced with the use of
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Figure 10. Debye sound velocities of e-Fe and iron alloys.
Filled black circles give our measured Debye sound velocities
(vD) for e-Fe as a function of pressure. The remaining symbols
give vD(P) from NRIXS experiments on FeHx (purple
crosses [Mao et al., 2004]), Fe3C (blue squares [Gao et al.,
2009]), Fe0.85Si0.15 (orange left triangles [Lin et al., 2003b]),
Fe3S (brown downward triangles [Lin et al., 2004]), and
Fe0.92Ni0.08 (green x’s [Lin et al., 2003b]).
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Figure 11. Compressional sound velocities of e-Fe and
iron alloys. Filled black circles give our measured
compressional sound velocities (vp) for e-Fe as a function
of pressure. We plot our vp(P) only at pressures that
overlap with reported values for iron alloys. vp(P) from
NRIXS experiments are plotted for isotopically enriched
FeHx (purple crosses [Mao et al., 2004]), Fe3C (blue squares
[Gao et al., 2009]), Fe0.85Si0.15 (orange left triangles [Lin
et al., 2003b]), Fe3S (brown downward triangles [Lin et al.,
2004]), and Fe0.92Ni0.08 (green x’s [Lin et al., 2003b]).
Unfilled triangles give vp(P) from HERIX experiments
on Fe (black [Antonangeli et al., 2012]), FeHx (purple
[Shibazaki et al., 2012]), Fe3C (blue [Fiquet et al., 2009]),
Fe0.85Si0.15 (orange [Mao et al., 2012]), Fe0.89Ni0.04Si0.07
(red [Antonangeli et al., 2010]), and Fe0.78Ni0.22 (green
[Kantor et al., 2007]) with natural isotopic abundances.
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complementary in situ XRD experiments [e.g., Gao et al.,
2009;Murphy et al., 2011a], which provide direct knowledge
of the sample volume and, thus, density, resulting in increas-
ingly accurate sound velocities (section 6). In addition,
although an EOS is still needed if one uses equations (13)
and (14) to obtain vp and vs from vD, we note that propagated
uncertainties can be significantly reduced by eliminating the
need for a secondary pressure scale, such as the pressure
dependence of ruby fluorescence peaks.
[62] The iron-carbon system is one example where in situ

XRD has been measured with both NRIXS and HERIX
experiments, thus allowing for a more detailed comparison.
In particular,Gao et al. [2009] and Fiquet et al. [2009] probed
orthorhombic Fe3C with NRIXS and HERIX experiments up
to 50 and 68GPa, respectively, and they report sound veloci-
ties that agree within uncertainty up to 50GPa (Figure 11).
However, Fiquet et al. [2009] measured a sharp increase in
vp at their largest compression point (P= 68GPa), which
is ~12% larger than vp(68GPa) for e-Fe, based on an inter-
polation between data points measured by Antonangeli et al.
[2012] with HERIX. This effect can also be seen in a plot of
vp(r) (Figure 12), where we note that the relative magnitudes
of the maximum densities of Fe3C differ from those of their
maximum pressures because Gao et al. [2009] used an
57Fe-enriched sample. The underlying cause of this seemingly
discontinuous increase in vp reported by Fiquet et al. [2009]
for Fe3C is not fully understood, but the authors note that they
observed anomalous softening of the longitudinal acoustic
branch at large momentum transfers above 68GPa. The
authors suggest that this vibrational instability may be related

to a change in electronic state (e.g., a magnetic or high-spin to
low-spin transition), which has been reported in theoretical
and experimental studies as a potential cause for changes in
the thermoelastic properties of iron-carbon alloys at a variety
of pressures [e.g., Vo�cadlo et al., 2002; Lin et al., 2004; Chen
et al., 2012; Prescher et al., 2012].
[63] Finally, we also plot in Figure 12 the density depen-

dence of vp from HERIX studies on e-Fe and additional iron
alloys [Kantor et al., 2007; Antonangeli et al., 2010, 2012;
Mao et al., 2012; Shibazaki et al., 2012] that measured in
situ XRD. The linear dependence of vp on density at 300 K
is consistent with the aforementioned Birch’s Law for a wide
range of iron alloys [Birch, 1960, 1961]. In addition, a com-
parison between e-Fe [Antonangeli et al., 2012] and
Fe0.78Ni0.22 [Kantor et al., 2007] measured with HERIX
reveals similar absolute values and density derivatives, fur-
ther supporting the claim that the alloying of nickel does
not significantly influence the compressional sound veloci-
ties of pure iron.
6.1.3. Alloying Effects on «-Fe’s Shear Sound Velocities
[64] To begin our discussion of the effects of alloying on

the shear sound velocities (vs) of e-Fe, we recall that vs for
e-Fe at 300K is significantly larger than that predicted by
PREM on the inner core side of the ICB (section 6)
[Dziewonski and Anderson, 1981]. In Figure 13, we plot
the pressure dependence of our determined shear sound
velocities (filled circles) in the pressure range that overlaps
with those reported from previous NRIXS experiments
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Figure 12. Density dependence of compressional sound
velocities of e-Fe and iron alloys. Filled black circles give
our measured compressional sound velocities for e-Fe as a
function of density, vp(r), the latter of which is determined
from in situ XRD and m*95% = 56.95 g/mol for 95% isotopi-
cally enriched 57Fe. Similarly, red downward triangles (blue
squares) give vp(r) for enriched e-Fe (Fe3C) from NRIXS
studies by Lin et al. [2010] (Gao et al. [2009]). Unfilled tri-
angles give vp(r) from HERIX experiments on iron and iron
alloys with natural isotopic abundances (m = 55.85 g/mol for
iron): e-Fe (black, [Antonangeli et al., 2012]), FeHx (purple
[Shibazaki et al., 2012]), Fe3C (blue [Fiquet et al., 2009]),
Fe0.85Si0.15 (orange [Mao et al., 2012]), Fe0.89Ni0.04Si0.07
(red [Antonangeli et al., 2010]), and Fe0.78Ni0.22 (green
[Kantor et al., 2007]).
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Figure 13. Shear sound velocities of e-Fe and iron alloys.
Filled black circles give our measured shear sound velocities
(vs) for e-Fe as a function of pressure. We plot our vs(P) only
at pressures that overlap with reported values for iron alloys
from NRIXS experiments on isotopically enriched FeHx

(purple crosses [Mao et al., 2004]), Fe3C (blue squares
[Gao et al., 2009]), Fe0.85Si0.15 (orange left triangles [Lin
et al., 2003b]), Fe3S (brown downward triangles [Lin et al.,
2004]), and Fe0.92Ni0.08 (green x’s [Lin et al., 2003b]).
Unfilled triangles give vs(P) from HERIX experiments on iron
and iron alloys with natural isotopic abundances, determined
from their reported vp(r) and existing EOS for each composi-
tion (section 6.1.3): e-Fe (black, [Antonangeli et al., 2012]),
FeHx (purple [Shibazaki et al., 2012]), Fe3C (blue [Fiquet
et al., 2009]), Fe0.85Si0.15 (orange [Mao et al., 2012]), and
Fe0.78Ni0.22 (green [Kantor et al., 2007]).
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[Lin et al., 2003b; Lin et al., 2004; Mao et al., 2004; Gao
et al., 2009]. We reemphasize that the similar shapes of
vs(P) and vD(P) (Figure 10) reflect the fact that NRIXS
experiments are strongly sensitive to vs, thus placing a
tighter constraint on vs compared to vp.
[65] By contrast, it is very difficult to detect the shear

modes (shear sound velocities) of iron alloys with HERIX
experiments performed on polycrystalline samples, due to
low signal to noise ratios and/or selection rules. In Figure 13,
we plot vs(P) from HERIX experiments on e-Fe and select
iron alloys whose EOS have been measured [Kantor et al.,
2007; Fiquet et al., 2009; Antonangeli et al., 2012; Mao
et al., 2012; Shibazaki et al., 2012], using a procedure
similar to that described in section 6. In particular, we
apply vp(P) from HERIX experiments and KT from their
corresponding EOS [Mao et al., 1990; Scott et al., 2001;
Lin et al., 2003a; Hirao et al., 2004] to equation (13) to
determine vs(P). Because of the previously discussed
complications associated with comparing sound velocities
determined from HERIX and NRIXS experiments, in addi-
tion to the fact that the described extraction of vs(P) involves
combining results from two independent experiments
(per composition) in which the authors were not involved,
the following discussion will not include a detailed
comparison with vs(P) determined from HERIX experiments
on polycrystalline iron alloys. However, visual inspection of
Figure 13 reveals that the relationship between vs(P)
determined from NRIXS and HERIX for a given composi-
tion is similar to the discussion presented in section 6.1.2
for vp(P). In addition, the good agreement shown for
pure e-Fe is consistent with that found when determining
vs(P) for e-Fe via equation (14), vp from HERIX, and vD
from NRIXS in section 6.
[66] It is apparent in Figure 13 that sound velocity exper-

iments on iron alloys need to be performed over a wider
pressure range in order to make reasonable inferences about
their sound velocities at Earth’s core conditions. A maxi-
mum of four data points for a given alloy overlap with our
experimental compression range, and the largest compres-
sion point plotted in Figure 13 is at 70GPa. We note that
the shear sound velocities of hcp-Fe0.92Ni0.08 have been
measured with NRIXS up to 106GPa [Lin et al., 2003b],
and that they are ~7% smaller than those of e-Fe, based on
an average from the three overlapping compression points.
In general, we conclude that while Ni may not have a strong
influence on the density or compressional sound velocity
of pure iron, its effect on the shear sound velocity could
be significant.
[67] Another striking feature of Figure 13 is that the shear

sound velocities of dhcp-FeHx are slightly larger than those
of e-Fe (albeit within the uncertainties). We note that this
is opposite of the trend required for moving closer to seismic
observations for Earth’s inner core, independent of tempera-
ture effects. The addition of 15 atomic percent Si appears to
slightly lower the shear sound velocities of e-Fe [Lin et al.,
2003b], although the authors observe no change in shear
sound velocity between their two largest compression
points, with vs(55GPa) = 4.09� 0.02 km/s and vs(70GPa) =
4.10� 0.02 km/s. Following vs

2 = m/r, this constant value
for vs indicates that the increase in shear modulus (m) of
~6.7� 2.4GPa (4.5%) between pressures of 55 and 70GPa
arises entirely from the increase in density, given by the

EOS for Fe0.85Si0.15 reported by Lin et al. [2003a] and
accounting for isotopic enrichment. For comparison, the
increase in m between pressures of 46 and 55GPa is 12%
(17GPa), indicating a different trend immediately before
their largest compression point. Therefore, additional
measurements beyond 70GPa are needed to clarify the trend
for vs(P) at larger compressions.
[68] A similar discussion applies to reported values for the

shear sound velocities of orthorhombic Fe3C, which were
measured by Gao et al. [2009] up to 50GPa (Figure 13).
Gao et al. [2009] report that their determined sound veloci-
ties at pressures above the magnetic collapse between 4.3
and 6.5GPa increase linearly with density, i.e., they do not
report a softening in vs. In particular, they find a slope of
vs(r) to be ~0.24 (km/s)/(g/cm3), compared to our reported
value for e-Fe of 0.42� 0.02 (km/s)/(g/cm3). It is possible
that the small dip in shear sound velocity at 41GPa corre-
sponds to a softening in vs at that pressure, but with only a
single larger compression point, it is difficult to determine
whether a new trend in vs(P) is being defined for Fe3C above
this pressure, or perhaps that its slope is shallower than that
of e-Fe.
[69] Finally, Figure 13 shows a trend of vs(P) for tetrago-

nal Fe3S that is distinctly lower than that of e-Fe, but with a
similar slope. In particular, shear sound velocities for Fe3S
reported by Lin et al. [2004] are ~8% smaller on average
than those of e-Fe at similar pressures. A larger compression
range would be useful for determining an accurate slope
of vs(P) for Fe3S and, in turn, whether vs(P) for Fe3S and
e-Fe remain subparallel or cross at a higher pressure.

7. Concluding Remarks

[70] We have determined a variety of thermoelastic and
vibrational thermodynamic parameters for e-Fe from the
volume dependence of its total phonon DOS, which we mea-
sured with NRIXS and in situ XRD experiments between 30
and 171GPa. From the integrated total phonon DOS, we
found that the thermal atomic motion of e-Fe is significantly
reduced at outer-core pressures, as indicated by the steady
increase in the Lamb-Mössbauer factor with compression.
In addition, we determined e-Fe’s pressure- and temperature-
dependent reduced isotopic partition function ratios (b-factors)
from its average force constant. Our technique produced
smaller uncertainties and improved volume (pressure) resolu-
tion compared to methods involving the vibrational kinetic
energy measured by NRIXS, thus allowing for more detailed
analyses of the partitioning behavior of iron isotopes in equi-
librium processes involving solid e-Fe. Finally, we obtained
Svib(V) from the integrated total phonon DOS, and used its
volume derivative to determine the product of e-Fe’s vibra-
tional thermal expansion coefficient and isothermal bulk
modulus at 300K. In turn, (@ Svib/@ V)300K allowed us to
evaluate the temperature derivative of the harmonic thermal
pressure and the volume dependence of the vibrational
Grüneisen parameter. We found reasonable agreement
between the present results and those reported in our previous
studies, the latter of which were based on more direct determi-
nations via the volume dependence of e-Fe’s total phonon
DOS [Murphy et al., 2011b, 2011a].
[71] From the low-energy region of the phonon DOS,

we obtained the Debye sound velocity of e-Fe using a
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parabolic fit and, in turn, extracted its compressional and shear
sound velocities via our determined densities, avib, and gvib for
e-Fe. Comparisons with compressional sound velocities
measured by HERIX suggest an apparent systematic offset,
with HERIX sound velocities being slightly faster than those
determined by NRIXS. However, such comparisons are
complicated, in part because NRIXS and HERIX access
compressional sound velocities in slightly different ways. In
addition, sound velocities for e-Fe and iron alloys reported
from NRIXS experiments are based on isotopically enriched
samples, which should have slightly smaller vibrational
frequencies at a given pressure and, in turn, slower sound
velocities than samples from HERIX experiments that have
natural isotopic abundances. The influence of this isotopic
enrichment has yet to be fully quantified with experiments.
[72] We have also evaluated the effects of alloying on

iron’s compressional and shear sound velocities by compar-
ing our determined values with those reported for iron alloys
containing Ni and many candidate light elements for the core
(e.g., H, C, Si, S). Considering only sound velocities deter-
mined from NRIXS experiments, we find that alloying does
not significantly affect the compressional sound velocities of
iron beyond reported uncertainties. In addition, we find that
the alloying of Ni, C, Si, or S results in slightly slower shear
sound velocities than those measured for e-Fe at the same
pressure, while the alloying of H results in slightly faster
shear sound velocities.
[73] It should be possible to combine our densities and

sound velocities for e-Fe with those reported for iron alloys,
and invert the resulting data set to better constrain the com-
position of Earth’s core via comparison with seismic obser-
vations. However, significant obstacles prevent such an
analysis at this time, such as the limited compression range
and large uncertainties associated with sound velocity mea-
surements for iron alloys. In addition, although e-Fe is
thought to be the stable crystal structure of pure iron at the
pressure and temperature conditions of Earth’s core, the
high-PT stoichiometries and crystal structures of many can-
didate alloys have not been firmly established. Therefore,
higher-statistical quality, larger compression ranges, and
known stable crystal structures and stoichiometries for iron
alloys—combined with the effects of temperature on the
properties of e-Fe and iron alloys—are necessary before
such an inversion will be feasible.

Notation

D(E,V) phonon density of states, 1/eV
E energy, meV
V molar volume per atom, cm3/mol
vD Debye sound velocity, km/s
vp compressional sound velocity, km/s
vs shear sound velocity, km/s

fLM Lamb-Mössbauer factor, dimensionless
EK vibrational kinetic energy, meV/atom
Φ average force constant, N/m
b equilibrium isotopic partition function ratio (beta-

factor), dimensionless
Svib vibrational entropy, meV/K/atom
avib vibrational thermal expansion coefficient, K-1

Cvib vibrational specific heat capacity, meV/K/atom
gvib vibrational Grüneisen parameter, dimensionless
Uvib vibrational internal energy, meV/atom
KT isothermal bulk modulus, GPa
KS adiabatic bulk modulus, GPa
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