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1994) reveals that planets can exist in a variety of environ-
ments, including some that might once have been consid-The tidal interaction of a protoplanet with a circumstellar

gaseous disk results in mutual angular momentum exchange ered unlikely. On the other hand, the recently reported
that modifies both the disk and the orbit of the secondary. searches for Jupiter sized planets suggest that such objects
There are two, conceptually distinct circumstances wherein may be less numerous than expected (Cochran and Hatzes
nebula torques can cause a secular variation in a protoplanet’s 1993, Marcy and Butler 1992, McMillan et al. 1994, Walker
semimajor axis. (I) The net torque exerted on a secondary by et al. 1995; see also Black 1995). In over 200 candidate
an undisturbed disk is not, in general, zero. Although gradients stars observed so far, the yield has been only p3%. Further-
in the disk density and temperature can contribute to this

more, the recently discovered planet around 51 Pegasitorque, it is mostly due to asymmetries in the disk/planet inter-
(Mayor and Queloz 1995) occupies such a tight orbit (i.e.,action that are inherent to a Keplerian disk. For a relatively
0.05 AU), that it seems unlikely that this is its originalthick disk, the differential torque can be a significant fraction
state. Other newly discovered candidates around tauof the torque from either its exterior or its interior portion. In
Bootis, upsilon Andromedea, and 55 rho Cancri also havethis case, the protoplanet drifts relative to disk material on a

time scale inversely proportional to its mass. (II) The protopla- suspiciously small semimajor axes for gas giants. Of course,
net opens a gap in the disk that establishes a flow barrier the low yield may be strongly influenced by selection ef-
to disk material. A density discontinuity that locks the fects, since large planets close to their primaries are easier
protoplanet into the disk’s viscous evolution develops across to detect. Even so, these results pose some natural ques-
the orbit. The protoplanet migrates on a time scale set by tions: How likely is it that a given circumstellar disk will
the disk’s viscosity. produce a planetary system? Is a combination of terrestrial

A unified model that clarifies the relationship between these
and giant planets a typical or an unusual outcome? Oncemigration types and reveals under what circumstances a given
formed, are there forces that tend to destroy a system?type is selected is presented. In both cases, orbital decay is the

Current models of planetary formation tend to partitionprevailing outcome, although type I migration rates can be
events into three broad stages (e.g., Wetherill 1990, Lis-between one and two orders of magnitudes faster than type II.
sauer and Stewart 1993, Lissauer 1993, Ward 1995): (i) theEstimates of orbital lifetimes are given and are generally shorter

than the expected lifetime of the disk. Some implications to fractionation of solids from the gaseous nebula, with the
the issue of planetary formation are discussed.  1997 Academic Press formation of planetesimals in a thin subdisk, (ii) the accu-

mulation of O(103) km-sized protoplanetary embryos by
binary accretion, and (iii) the ultimate combination of

I. INTRODUCTION these embryos into planetary bodies. In the case of the
giant planets, this final stage also involves a substantial gas

The excess infrared radiation observed to be a common accretion phase as well. Although each of these broad
feature associated with young stars has led to the discovery stages involves multiple processes, and the boundaries be-
of numerous circumstellar disks of gas and/or dust of the tween them are by no means sharply defined; they are,
sort thought to be planetary progenitors (e.g., Walter et al. nevertheless, convenient starting points for theoretical
1988, Beckwith and Sargent 1993). This constitutes strong studies of specific aspects of planet building.
circumstantial evidence that planetary systems could be An obviously important goal is to identify and include
quite numerous as well. Indeed, the surprising detection the most essential physical and chemical processes that
of companions orbiting Pulsar PSR B1257112 (Wolszczan characterize each stage of growth. To date, the most exten-

sively modeled is the mid-stage, during which planetary
embryos are believed to develop relatively quickly (i.e.,1 Also at San Juan Capistrano Research Institute, San Juan Capis-

trano, CA. O(105–6) years) through accretion runaway (e.g., Lissauer
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and Stewart 1993, and references therein). In contrast, quences for late-stage accretion models (e.g., Hourigan
and Ward 1984, Ward 1989, 1993a). Although the existencethe late-stage mechanisms by which the final planets are

assembled from these embryos are more problematic. Re- of this mechanism has been acknowledged in the literature,
there has developed some confusion over the exact naturelying on gravitational relaxation of the disk to excite orbital

eccentricities and produce crossing orbits seems to work and rate of this orbital drift. There are actually two concep-
tually distinct circumstances wherein nebula torques couldwell for our inner planets, where orbital periods are shorter

(e.g., Wetherill 1990). However, this picture runs into dif- cause a secular variation in a protoplanet’s semimajor axis.
(I) In general, the net torque exerted on a secondary byficulties when applied to the giant planets, which clearly

must form within the lifetime of the gas disk. The observed an undisturbed disk is not zero (Ward 1986, Korycansky
and Pollack 1993, Artymowicz 1993). This is due to a mis-prevalence of disks among young stars suggests that these

structures have lifetimes of only 106–107 years (Walter et match in the positive interior and negative exterior disk
torques exerted on the protoplanet. In this case, the netal. 1988), providing a tight constraint on the time available

to accumulate a giant planet core of some 10–30 Earth torque causes the protoplanet to drift relative to the disk
material on a time scale that is inversely proportional tomasses.

The coexistence of the nebula and protoplanets presents its mass and the mass of the disk. This is essentially the
mechanism described by Goldreich and Tremaine.2 Varia-an intriguing question: Could the presence of the gas phase

have been a key component in the rapid accumulation of tions in the global properties of the disk can be expected
to produce a fractional torque mismatch of a given mthsolid bodies? Of course, researchers have long acknowl-

edged the possible importance of aerodynamic drag in the order Lindblad pair. This leads to a differential torque
DT P (c1/2)e2sr2(rV)2(rV/c)3 and corresponding migra-early-stage formation of planetesimals (e.g., Weidenschil-

ling 1977; Hayashi et al. 1977). However, traditional drag tion rate of order
effects are proportional to a body’s cross section and, be-
cause of their diminishing surface to volume ratios, become v 5 c1e(rV)(sr2/Mp)(rV/c)3, (1)
relatively unimportant once objects exceed kilometers in
radius. Consequently, gas probably has only a modest in- where e is the mass of the protoplanet normalized to the

primary’s mass, Mp, s is the surface density of the disk,fluence on mid-stage growth mechanisms. On the other
hand, as we will argue in the next section, there is good and c1 is a measure of the torque asymmetry.3 Dimensional

arguments suggest that c1 should scale with h/r (GT80)reason to believe that for large enough objects, the gas
disk may again become an important player. The strong and v Y (rV/c)2. We refer to this drift as type I.

(II) If the disk spreads under the influence of viscousgravitational coupling between protoplanetary bodies and
their precursor disk may generate a surprising degree of shear stresses (Lynden-Bell and Pringle 1974), a second

method of migration is for the protoplanet to establish aradial mobility (Ward 1986, 1989, Lin and Paploizou 1993).
This migration constitutes a double edged sword: it may tidal barrier to the flow of gas across its orbit. This is

generally accompanied by the formation of a gap that locksat once assist in a protoplanet’s accretion and place its
ultimate survival in jeopardy. the planet into the angular momentum transport processes

of the nebula. The interior portion of the disk still exerts
II. DISK TIDES a torque on the planet, which in turn exerts a torque on

the exterior portion of the disk. Consequently, angular
A protoplanet can gravitationally interact with the disk momentum can be transported across the orbit, even if gas

at resonance sites (Lynden-Bell and Kalnajs 1972). At sites cannot. A density discontinuity will build up on one side
of Lindblad resonances, where the Doppler shifted forcing of the planet until a sufficient torque imbalance develops
frequency matches the natural oscillation frequency of the
disk, this disturbance takes the form of a spiral wave that, 2 Ironically, although the pioneering work in GT80 laid the ground work
in a pressure dominated disk, propagates away from the for many subsequent studies, the paper itself contained an inconsistency in
resonance zone (e.g., Goldreich and Tremaine 1979). The the reported rates for eccentricity and semimajor axis variations of their

example application—that of a jovian sized perturber in a minimum massprotoplanet’s gravitational attraction for this wave results
solar nebula. Their semimajor axis drift rate is valid only in the absencein a reaction torque.
of a gap, while the eccentricity decay rate is valid only if a gap exists
(see Ward 1988). Generally speaking, larger planets should be morea. Drift Modes
successful in opening a gap and it seems likely that a jovian sized object
would do so, thereby drifting on the disk’s viscous time scale instead ofGoldreich and Tremaine (1980; hereafter referred to as
exhibiting the very rapid (i.e., pO(104) years) orbit migration reportedGT80) were the first to suggest that large objects could
in GT80. Nevertheless, smaller (but still substantial) objects may well

migrate as a result of these disk torques, referred to collec- behave as suggested by Goldreich and Tremaine.
tively as disk tides. This would constitute an unexploited 3 Note that this definition of c1 defers from the parameter C used in

earlier works (e.g., Ward 1986) by a factor of order h/r.degree of radial mobility that could have important conse-
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to ‘‘push’’ the planet along with the disk material (e.g., where D ; k2 2 m2(V 2 Vs)2 is a measure of the difference
between the local epicycle frequency of the disk, k, andWard 1982, Lin and Papaloizou 1986b, 1993). Thereafter

the system coevolves on the viscous time scale of the disk, the Doppler shifted forcing frequency, muV 2 Vsu. (The
subscript s has been introduced to refer to the secondary.)with a radial velocity of order v p O(n/r), where n is the

kinematic viscosity of the gas—believed to be primarily The potential amplitude for m . 1 is
due to turbulence. Representing the viscosity by a Sha-
kura–Sunyaev form, n p ac2/V, the characteristic velocity

fm 5 2
GMs

rs
bm

1/2(ar), (6)for this type of migration is

v 5 c2a(rV)(c/rV)2, (2) where

where r and V are the orbital radius and angular frequency
respectively, c is the gas sound speed, and c2 is a constant bm

1/2(ar) ; 2
f
Ef

0

cos mu du

Ï1 2 2ar cos u 1 a2
r

(7)
on order unity. We shall refer to Eq. (2) as type II drift.
Current estimates for a in the solar nebula lie in the range

is the Laplace coefficient with argument ar ; r/rs . In writ-1024–1022 (e.g., Cabot et al. 1987, Dubrulle 1993), while
ing Eq. (4), we have chosen a form that is valid when thethe ratio of sound to orbital velocity is typically of order
driving potential varies little over the first cycle of the wavefew 3 1022. Numerical models of this process have been
(Artymowicz, 1993a). This assumption is only marginallypresented by Lin and Papaloizou (1986b, 1993).
valid for the most important resonances, but greatly simpli-Whether or not the perturber is able to create a gap
fies the analysis. Since our primary objective is to illustratein the disk is thus a key issue in determining its mode
the mechanisms of protoplanet drift, we believe the essen-of interaction. These two types of drift have not always
tial nature of the process is not affected by this choice.been properly distinguished in the literature. In Section
The close agreement of the numerical results of Korycan-III, a unified model for quasi-steady-state drift of a
sky and Pollack (1993) with our derived differential torqueprotoplanet is presented in which these two drift types
lends support to this contention. The total disk torque isare found to be limiting cases of weak and strong
found by summing the contributions from all resonances,coupling, respectively. However, we first address the issue
both inside and outside the protoplanet’s orbit.of torque strength.

Earlier studies of protoplanet migration used a simpli-
b. Torque Strength fied torque expression in which torque asymmetry arose

only from variations in the surface density (HouriganThe torque exerted on the disk in the vicinity of an mth
and Ward 1984, Ward and Hourigan 1989, Lin andorder Lindblad resonance is (Appendix A),
Papaloizou 1986, 1993). Ward (1986) improved on this
by including other structural gradients in the calculation.
Further developments in the theory of Lindblad reso-Tm 5 2

f2msC2
m

rdDp/dr
. (3)

nance interaction, especially the behavior of the so-called
torque cutoff phenomenon (Artymowicz 1993a,b), now

This is a generalized version of the expression given by make possible a much improved prescription for the
Goldreich and Tremaine (1978, 1979). In Eq. (3), Cm is torque. Much of this improvement is realized by evaluat-
the forcing function due to the secondary (Artymowicz, ing all quantities in Eq. (3) where Dp 5 0, which
1993a),4 gives the location for an mth order Lindblad resonance,

corrected for the effects of pressure on the natural
oscillation frequency of the disk (Ward 1988, Artymowicz

Cm 5
rdfm/dr 1 2mffm

Ï1 1 4j 2
, (4) 1993a). After some manipulation (Appendix A), this

leads to the torque expression

where fm is the amplitude of the disturbing function’s mth
order Fourier component, j ; mc/rk, f 5 m(V 2 Tm 5 «

4
3

e2(sr2
s)(rsVs)2 m2a3/2c 2

qÏ1 1 j 2(1 1 4j 2)
, (8)

Vs)/V, and

whereDp ; D 1 (mc/r)2, (5)

4 The form given by Artymowicz contains an additional factor (1 1 c 5
f
2 F 1

m Udbm
1/2(ar)
dar

U1 2Ï1 1 j 2bm
1/2(ar)G (9)

j 2)21/4, which in our formulation has been incorporated into rdDp/dr.
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(2) Outer resonances lie slightly closer to the perturber
than inner resonances of the same order and thereby sam-
ple the monotonically decreasing forcing function at a
greater value.

(3) Even if the resonances were symmetrically posi-
tioned, the forcing function, Cm , is systematically larger
near an outer resonance than in the vicinity of a compli-
mentary inner one. This is due in large part to the appear-
ance of f in the numerator of its definition, Eq. (4).

All three of these traits conspire to make the outer disk
torque stronger, and their relative importance is traced in
Appendix B. The resulting negative net torque implies that
the prevailing radial drift is one of orbital decay.

Recall that in the example of Fig. 1, the torque differen-
tial for a given order, m, does not come from a density

FIG. 1. Torque magnitude as a function of order, m, normalized to contrast between the outer and inner Lindblad resonance
the reference value, To 5 e2egMp(rsVs)2/h93

s , for a disk of constant density sites. In fact, a global density gradient in the disk turns
and normalized scale height, h9 5 0.07. Maximum values occur for m p

out to be less important than originally thought because8–9; decrease of torque at higher order is due to torque cutoff phe-
of a ‘‘buffering’’ action between the density gradient andnomenon.
its associated pressure gradient, these two tending to work
in opposition (Ward 1986, Korycansky and Pollack 1993).
While a larger k enhances the density contrast, by thatq(j) ; 1 2 «(1 2 l)h9/3a3/2 ? j/Ï1 1 j 2 being a weak func-
increasing the relative strength of the inner torques overtion of j, and where we have set k P V. In these expressions,
the outer, the associated pressure gradient alters the rota-« 5 1 (21) for outer (inner) resonances. The orbital fre-
tional profile of the disk [i.e., Eq. (10)] shifting the reso-quency of the disk is taken to be
nance positions inward, thereby increasing the strength
of the outer resonances compared with the inner. As an

V2 5 V2
K 2 (k 1 l)

c2

r2 , (10) example, Fig. 2a shows the torques for a disk with k 5
3/2, l 5 As without resonance shifts, while Fig. 2b shows the
torques with the pressure buffer included. In Fig. 3a, thewhere V2

K ; GMp/r3, is the Keplerian rate. The second
net normalized torque, G1 ; o T̂m , is plotted as a functionterm corrects for the radial support of the pressure gradient
of k with (closed symbols) and without (open symbols)due to density gradient, k ; 2d ln s/d ln r, and temperature
the buffer. The pressure buffer renders the net torquegradient, l ; 2d ln T/d ln r.
insensitive to k. On the other hand, the torque asymmetryEquation (8) is plotted in Fig. 1 for a disk with constant
is sensitive to the gradient in the disk temperature, sincesurface density (k 5 0) and constant normalized scale
this too can shift resonance positions. Here, a larger lheight (l 5 1), set to h/r 5 0.07. The torques uT̂mu ; uTmu/
increases the net negative torque as shown in Fig. 3b.To are normalized to a reference value, To ;

e2egMp(rsVs)2(rs/hs)3, where eg ; fssr2
s /Mp is the nondi-

c. Torque Densitymensional disk mass.5 The ‘‘intrinsic’’ torque asymmetry
predicted by Ward (1986) and confirmed numerically by If the distance between resonance sites is less than the
Korycansky and Pollack (1993) is apparent. There are driving distance for the waves, a smoothed torque density,
three sources of asymmetry in the interaction of the sec- dT/dr 5 Tmudm/dru, can be defined (e.g., GT80, Meyer-
ondary with a Keplerian disk6: Vernet and Sicardy 1987). From Eq. (5) we find

(1) The gradient of the frequency separation, rdDp/dr,
in the denominator of Eq. (3) is proportional to the epicycle dm

dr
5 2

Dp/r
Dp/m

5
m

2k2

dDp
dr

, (11)
frequency, k, which is always smaller for outer resonances.

while the driving distance for pressure waves is of order5 Strictly speaking, eg would be the normalized mass interior to the
(e.g., Ward 1986, Artymowicz 1993)protoplanet for a constant density disk, but is commonly referred to by

the shorthand ‘‘disk mass.’’
6 These asymmetries did not appear in the original formulation of GT80

because the authors set ar 5 1, unless it appeared in the combination, ldriving P S c2

dDp/drD1/3

. (12)
ar 2 1, which was then set equal to 62/3m as the resonant values.
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The quantity, dT̂/dx 5 (hs/To) dT/dr is plotted in Fig.
4. Notice that the torque density is zero in an annulus
surrounding the perturber. This is because no real solu-
tions for Eq. (15) exist when uV 2 Vsu , c/r, so that
Lindblad resonances are excluded from the region
6O(2h/3). In the true torque density, which is given by
the superposition of the spatial driving of all waves, the
falloff would be less precipitous because some driving
of the wave occurs inside the nominal resonance position,
Dp 5 0. Even so, the maximum torque is due to the
disk material at radial distances comparable to the scale
height, with little torque exerted by disk material inside
this region.

FIG. 2. Torque magnitudes as a function of order for a disk with
surface density s Y r23/2, when (a) resonance positions are not adjusted
due to pressure gradient modification of disk rotation and (b) shifts in
the resonance positions are taken into account (pressure buffer).

The driving distance is greater than udm/dru21 for m $
h922/5 P 2.5. The smoothed torque density is

dT
dr

; Tm Udm
dr U5 «

f2m2sC2

2rk2 . (13)

Combining with Eqs. (4) and (9) yields

dT
dr

5 «
2e2(sr2

s)(rsVs)2m4c 2

r(1 1 4j 2) SVS

k
D2

. (14)

FIG. 3. Total inner and outer torque summed over order andHere m is treated as a continuous function of r given by their difference (net torque). (a) Torques as a function of k ; 2(r/s)
ds/dr for a disk of constant h9 without pressure buffer correction
(open symbols) and with buffer included (filled symbols). (b) Tor-
que as a function of l ; 2(r/T) dT/dr for a disk of constant sur-m(r) 5 ! k2

(V 2 Vs)2 2 c2/r2. (15)
face density.
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planned extensions of the present work are discussed in
Section IVc.

III. STEADY-STATE MIGRATION

In this section, we consider a model problem that illus-
trates under what conditions a perturber executes either
type I or type II drift. The equation of motion for the disk
is obtained by including the torque density in the usual
fluid equation for a viscous disk (Lynden-Bell and Pringle
1974, Hourigan and Ward 1984, Ruden and Lin 1986, Ru-
den and Pollack 1991),

2frs
DH
Dt

5 2
g
r

1
dT
dr

, (16)

where H ; r2V is the specific angular momentum of disk
material, g ; 22fsnr3V/r, is the viscous couple, n de-
notes the kinematic viscosity and D/Dt ; h/t 1 v/rj rep-
resents the convective derivative, with v(r) being the radial
velocity of disk material. The continuity equation reads

FIG. 4. Normalized torque density, T̂mudm/dxu, as a function of dis-
tance from perturber in units of the disk scale height. Region of zero s

t
1

1
r



r
(rsv) 5 0. (17)torque surrounding perturber with half width 2h/3 is torque cutoff zone.

The motion of the secondary that results from the net
d. Local Damping Limit tidal torque must be determined by integrating the torque

density over the disk,In much of this paper we make the important simplifying
assumption that the deposition of angular momentum in
the disk has the same spatial distribution as the torque vs 5

2
MrsVs

E 2 SdT
drD dr. (18)

density; i.e., dT/dr udisk 5 dT/dr. This is not necessarily the
case, since wave action transports angular momentum until

A solution is sought in which the surface density is inthe waves are damped. Thus, this procedure is tantamount
the form of a kinematic wave that tracks the planet: s 5to assuming that waves damp locally. Our motivation is to
s(r 2 vst). We adopt the (k, l) 5 (0, 1) disk of Fig. 1 asfirst work the case most conducive to gap formation in
the unperturbed state, for which h9 ; h/r 5 constant,order to establish the minimum mass range for type I
s0 5 constant. In terms other than the torque density, webehavior. However, local damping is not without some
set V 5 VK , and n 5 ah2

sVs . Euler’s equation becomesjustification. Recent work by Cassen and Woolum (1996)
shows that radiation damping can dissipate waves over a
distance drad p sc3/2sSBT 4fD , where sSB is the Stefan– 3fnr2V

s

r
1 fsr2V(v 1 3n/2r) 5

dT
dr

. (19)
Boltzman constant and fD is a weak decreasing function
of the optical depth that varies from order unity to p0.1 We now ignore slow changes where d/dr p 1/r and define
as the optical depth increases from unity to p105. The the nondimensional quantities: ŝ ; s/s0 , v̂i ; vi/rsVs ,
damping to driving length ratio is drad/ldriving P

n̂ ; n/r2
sVs , x ; (r 2 rs)/hs , t̂ ; Vst. Equations (16), (17),

0.5m1/3s2/fDT 17/6
2 , where hs2 , T2j ; hs, Tj 3 1022. Most of and (18) simplify to

the torque comes from orders near m p rV/c, for which
the ratio becomes ps2/fDT 3

2 p O(1) with the values 3n̂
h9

ŝ

x
1 ŝ(v̂ 1 3n̂/2) 5

e2

h94
ŝF(x, k, l) (20)adopted here (see Section IIIa). This suggests that fairly

similar torque density functions apply to both planet and
disk and that such calculations do offer insight into the ŝ

t̂
1

1
h9



x
(ŝv̂) 5 0 (21)behavior of the disk–protoplanet system, providing a base-

line for further investigations. The ramifications of relaxing
the local damping assumption is discussed briefly in Section v̂s 5 2

2eeg

h93
E ŝF(x) dx, (22)

IVb and will be the subject of a follow-up paper. Other
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with

F(x, k, l) 5
dT/dr

e2fsrs(rsVs)2/h94
s

5
«(2/f)j 4c 2a2

(1 1 4j 2)
. (23)

The assumed kinematic wave form implies that ŝ/t 5
2vsŝ/r and from the continuity equation, ŝ(v̂ 2 v̂s) 5
constant. The quantity, 2fsr(v 2 vs) is the flux of disk
material seen in the moving frame of the secondary. Evalu-
ated far from the secondary where the disk velocity should
be undisturbed, we expect s(v 2 vs) R 2so(3n̂/2 1 vs),
so the replacement ŝv̂ R (ŝ 2 1)v̂s 2 3n̂/2 can be made
in the equation of motion to give

3n̂
h9

ŝ

x
1 (ŝ 2 1)(v̂s 1 3n̂/2) 5

e2

h94
ŝF(x, k, l). (24)

Equation (24) is nonlinear because of the resonance
shifts on the right-hand side (RHS) through k(ŝ). If we
evaluate F with the unperturbed surface density, F R F(x, FIG. 5. Drift velocity for an inviscid disk. There is both a stable and
0, 1) ; F(x), the resulting linear equation is easily solved. an unstable branch merging at a critical mass (inertial limit) ei 5 5.67
The form function, F(x) is simply that of figure 4, and while e% . For e ! ei , the velocity is proportional to mass on the stable branch.

As the mass approaches the inertial limit, the drift rate stalls and aits use introduces some error in the determined surface
crisis develops. For larger masses, no steady-state solution exists and thedensity perturbation, ignoring the pressure buffer in the
perturber opens a gap in the disk.tidal response of the nebula is not a severe distortion of

the net torque unless there is a pronounced gap.

a. Inviscid Disk can be written in terms of the so-called inertial limit
(Hourigan and Ward 1984, Ward and Hourigan 1989),Since diffusion tends to impede gap formation, setting

n to zero will establish a lower bound on the mass that
ei ; egh9G 2

1/2G2 . (28)can open a gap. Equation (24) gives

The quantity G1 is a measure of the net disk torque andŝ 5 (1 2 e2F/h94v̂s)21, (25)
its value can be obtained by summing over the torques as
in Section II, for which G1 5 0.248. Similarly, the parameterwhich can be substituted into Eq. (22) and integrated,
G2 is found from the sum,yielding

G2 5 hs O T̂ 2
m Udm

dr U5 hs O mT̂ 2
m

2k2 UdDp
dr U , (29)v̂s 5 2

2eeg

h93
Ey

2y

F dx

1 2 e2F/h94v̂s (26)

which gives G2 5 0.443. Since G1 . 0, the orbits decay,P 2
2eeg

h93
G1 2

2e3eg

v̂sh97
G2 2 ? ? ?,

v̂s , 0. The solution is plotted in Fig. 5. In this and subse-
quent plots, it is convenient to ratio velocities to the value

where Gn ; ey

2yF n(x) dx, n . 0. The first term of the
expansion on the RHS is the direct driving by tides from V ; 2

2e%eg

h93
s

, (30)
the unperturbed disk. The following terms represent ‘‘indi-
rect’’ driving due to the tidal adjustment of the disk. The
solution to lowest order,

where e% ; M%/Mp , M% 5 6 3 1027 g denoting an Earth
mass. Only the positive branch is stable; the inertial limit
gives the maximum mass for which a quasi-steady-statev̂s 5 2

eeg

h93
G1(1 6 Ï1 2 e/ei), (27)

drift solution exists for an inviscid disk. Larger masses will
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Earth masses. The characteristic orbital drift time, t ;
r/vs 5 (v̂sV)21, for such an object is less than 105 years.

b. Weak Viscosity

If n ? 0, the general solution to equation (24) reads

ŝ 5 1 1 bebG(x)1cx Ex

y
F(y)e2bG(y)2cy dy, (32)

where

G(x) ; Ex

0
F(x) dx; b ; e2

3n̂h93
; c ; 2

h9

3n̂
(v̂s 1 3n̂/2).

(33)

FIG. 6. Surface density perturbation in an inviscid disk as a function Substitution into Eq. (22) then yields an integral equation
of distance for various mass perturbers. Distance is measured in scale for the velocity of the secondary,
heights; mass is indicated as a fraction of the inertial mass. The motion
of the protoplanet is to the left so that a density maximum (minimum)
leads (trails) the object. This adjustment of the disk to the tidal torque v̂s 5 2

2eeg

h93
G1 2

2eeg

h93
Ey

2y
F(x)ebG(x)1cx

(34)
causes a feedback torque (indirect driving) that opposes the motion. At
the inertial limit, the feedback is sufficient to cause stalling.

Ex

y
bF(y)e2bG(y)2cy dy dx.

If c @ 1, the integrand of the y-integral will not vary muchstall and open a gap. Substituting Eq. (27) into (25) gives
before it is suppressed by the factor e2c(y2x). In this case,the surface density perturbation,
the remaining portion, 2bF(y)e2bG(y) 5 (d/dy)e2bG, can be
expanded in a Taylor series. The interior integral then
yieldsŝ P 1 2

1
2 SG1

G2
D (1 2 Ï1 2 e/ei)F(x), (31)

Ey

x
bF(y)e2bG(y)e2c(y2x) dy 5 O

n51

1
cn

dn

dyn e2bG(y) ux . (35)
as a function of perturber mass. Figure 6 shows the surface
density for several values of e/ei . The motion is to the

Substituting into Eq. (34) and integrating givesleft so that a density enhancement (depletion) leads (trails)
the object located at x 5 0. This produces the disk’s feed-
back torque that tries to resist the object’s advance. The

v̂s 5 2
2eeg

h93
FG1 2

b
c SG2 2

b
c

G3

(36)
larger the perturber, the more pronounced the effect be-
comes. At the critical mass, there is a crisis; the migration
stalls and a gap commences to form. The steepness of the

1 Sb
cD2

G4 1 ? ? ?D2
L2

c2 1 ? ? ?G ,density perturbation nearest the perturber is due to the
torque cutoff, but is artificial since pressure effects that
would soften this feature as discussed by Hourigan and where Ln 5 ey

2y (dF/dx)n dx. Note that in the limit n R
Ward (1984) have been ignored, and a steep surface density 0, c R y; b/c 5 2e2/v̂sh94, and we recover the inviscid
gradient, i.e., .O(s/h), would be Rayleigh unstable (e.g., solution Eq. (26).
Lin and Papaloizou 1993). As we shall show below, viscous
diffusion will also spread out abrupt density differences. c. Strong Viscosity
As an application, consider a protoplanet at an orbital

The normalized torque density, F(x), falls off rapidly fordistance of 5 AU in a circumstellar nebula with a normal-
uxu . 1. Hence, if, c ! 1, we can expand Eq. (32) to firstized scale height h/r p 0.07 for which eg p 3.5 3 1023,
order in c, to findwhich is considered appropriate for the jovian zone in a

minimum mass solar nebula. The characteristic drift time
ŝ P e2b(G(y)2G) 2 cx(1 2 e2b(G(y)2G))

(37)
corresponding to the normalization rate, Eq. (30), is t ;
(VV)21 5 2.9 3 104 years. Equation (28) yields ei P

2 cbebG Ex

y
yF(y)e2bG(y) dy.1.7 3 1025; assuming a one solar mass primary, Mi p 6
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various values of a. Equation (41) has a maximum at
e 5 enÏ1.26/G1 5 2.25en .

Next let c ? 0, b ! 1. The limit of Eq. (39) as b R 0 is

I(0) 5 Ey

2y
xF(x)[G0 2 2G(x)] dx, (42)

where G0 ; G(y) 1 G(2y) 5 o uT̂mu 5 0.792. Using the
ansatz torque density described below, this quantity can
be approximated as I(0) P 0.25. Defining an auxiliary mass

ep 5 en S en

2Iegh9
D1/3

5 3.71 3 1023a2/3/I 1/3, (43)

Eq. (38) can be rewritten as

v̂s 5
Dv̂s

1 1 (e/ep)3 2
3n̂/2

1 1 (ep/e)3 . (44)

This solution is plotted in Fig. 8 for the same values of a
used in Fig. 7 and with I 5 I(0). The second term in

FIG. 7. Disk torque exerted on a perturber comoving with the disk Eq. (44) causes vs to reduce to vs 5 2(3/2)n̂(rV) 5 2(3/
viscous flow, c 5 0. Torque strength is measured by the equivalent drift 2)a(rV)(c/rV)2 as e R y, revealing c2 5 23/2 in Eq. (2)
velocity, Dvs , it could produce if acting alone. There is a maximum value for type II motion in the disk’s interior.7 However, as
at enÏ1.26/G1 5 2.25en , where en ; 3(n/r2V)(h/r)3 is the so-called vis-
cous mass.

Substitution into (22) and integrating by parts yields

v̂s 5 2
2eeg

h93
F1 2 e2bG1

b
2 cbI(b)G , (38)

where

I(b) 5
1
b
Ey

2y
xF [eb(G(2y)2G) 2 e2b(G(y)2G)] dx. (39)

First consider the case c 5 0. This is equivalent to assum-
ing the protoplanet does not drift relative to the ambient
disk flow, i.e., v̂s 5 23n̂/2. The first term in Eq. (38) then
gives the contribution, Dv̂s , of the disk torque to v̂s . (Since
Dv̂s is generally not equal to 23n/2, an additional torque
would have to be applied to maintain c 5 0.) Defining a
viscous mass,

en ; (3n̂h93)1/2 5 2.24 3 1023Ïa (40)
FIG. 8. Drift velocity as a function of mass predicted by strong

viscosity approximation Eq. (44). Velocities are normalized to V ;(where the numerical values apply to a h9 5 0.07 disk),
22e%egrV/h93

s and mass is in Earth masses.
this can be written

Dv̂s 5 2
2ege2

n

h93e
(1 2 e2G1(e/en)

2
). (41) 7 This value of c2 pertains only to our assumed case of a constant

surface density and viscosity. In a realistic disk with an outer boundary,
the most remote portions spread outward so that c2(r) turns positive in
that region (e.g., Lynden-Bell and Pringle 1974).This quantity, normalized to V, is plotted in Fig. 7 for
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but a smoothed average that does not actually follow the
variations of the torque during the driving of the waves.
Furthermore, at the level of accuracy at which we are
working, F(x) is being treated as a fixed form factor, ignor-
ing any modification through pressure gradient effects.
This suggests we might replace the rather complex torque
density of Eq. (23) with a simpler form that displays that
same general behavior, but is integrable in closed form.
At this level of approximation, the additional uncertainly
introduced by such an ansatz form factor is relatively mi-
nor, and we are compensated by the increased economy
of evaluating Eq. (34). We adopt

F(x) ; «e2ud/z u SA
z4 1

B
z3D ; uxu . 2/3, (46)

for which

G(x) 5 e2ud/z u FA
d 3 S2 1 2 Ud

z U1 Sd
zD2D1 «

B
d 2 S1 1 Ud

z UDG ,

FIG. 9. Relative drift parameter, c ; 2(h9/3n̂)(v̂s 1 3n̂/2), as a (47)
function of b ; (e/en)2 for strong viscosity approximation. Protoplanet
locks into disks flow (type II) as c R 0. Portion of curves for which

while for uxu , 2/3, F 5 G 5 0. (The rationale for thisc . 1 are invalid because they violate the assumptions underlying the ap-
choice is discussed in Appendix C.) The asymptotic valuesproximation.
are G(6y) 5 2A/d 3 6 B/d 2. The constants A, B, d are
now selected to duplicate the integrated values G0 5 0.792,
G1 5 0.248, G2 5 0.443, respectively. For the k 5 0, l 5 1

e R 0, Eq. (44) reads vs 5 22G1e(rV)(fsr2/Mp)(rV/c)3, disk, the values are A 5 0.228, B 5 0.136, d 5 1.05. Figure
so that the constant of Eq. (1) for type I motion becomes
c1 5 22fG1 5 21.56. Note that the first term of Eq. (44)
contains the additional factor, [1 1 (e/ep)3]21, which shifts
the maximum to lower mass (Pep) if ep/en 5 (en/
2Imugh9)1/3 5 1.65a1/6/I 1/3 , 1.

From the definition Eq. (33),

c 5 2
h9

3n̂ S Dv̂s 1 3n̂/2
1 1 (e/ep)3D , (45)

which goes to zero as e @ ep (Fig. 9). Remembering that
c is proportional to the drift of the protoplanet relative to
the disk, we again see that large objects tend to lock into
the disk. However, Eq. (44) is derived under the assump-
tion that c ! 1, a condition violated by portions of the a 5
1024, 1025 curves in Fig. 9. Accordingly, the corresponding
curves near their maxima in Fig. 8 are suspect. In the next
section, we find these curves by a numerical integration.

d. Moderate Viscosity

For intermediate values of the viscosity, Eq. (34) can be
evaluated by numerical integration. Notice, however, that
the procedure involves a triple integration by virtue of the FIG. 10. Comparison of ansatz torque density, Fansatz(x), to smoothed
definition, G(x) ; ex

0 F(x) dx. On the other hand, we should torque density, F(x). Also shown is G(x), which can be written in closed
form for the ansatz function.recall that Eq. (23) is not the true torque density anyway,
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velocity allows less time for a significant density perturba-
tion to develop, while a low relative velocity results in
the development of a gap. Figure 11c shows the result of
increasing the perturber’s mass while maintaining constant
relative velocity and disk viscosity. For large enough ob-
jects, a density perturbation develops that is comparable
to that in the critical inviscid case, and stalling occurs.

Equation (22) is easily solved by iteration. We first renor-
malize the velocity in a slightly different manner; ṽs ; v̂s/
Vn , where

Vn ; 2
2egen

h93
. (48)

Then Eq. (22) reads

ṽs(b, c) 5 Ïb E ŝF dx. (49)

The behavior of ṽs(b, c) is shown in Fig. 12. This quantity
is a measure of the total driving of the disk, including both
direct and indirect contributions. On the other hand, from
the definition of c,

ṽs(a, c) 5
1

2h9
Sen

eg
D Sc 1

h9

2 D5
Ï3ah93

2eg
Sc 1

h9

2 D . (50)

Representative curves are included in Fig. 12. A self-con-

FIG. 11. Surface density perturbation for (a) constant mass and drift
velocity, but increasing viscosity, (b) constant mass and viscosity, but
increasing drift velocity, and (c) constant drift velocity and viscosity, but
increasing mass. Distances are shown in units of scale height. Densities
are normalized to unperturbed value.

10 displays Eqs. (46) and (47) for comparison with Eq.
(23). Equation (46) retains the essential asymmetry of the
torque as well as its qualitative behavior at small and
large x.

Equation (32) is now easily integrated to find the surface
density as a function of hb, cj, and to explore the influence
of the different parameters on the nature of the density
perturbation. Figure 11a shows the effect of increasing the
viscosity. At low viscosity, the density profile resembles
the inviscid case. As the viscosity is increased, the perturba-
tion is progressively suppressed. This diminishes the indi-
rect torque and helps prevent stalling. In Fig. 11b, the FIG. 12. Comparison of driven velocity, ṽs(b, c), with assumed veloc-
viscosity of the disk and the mass of the perturber are ity, ṽs(a, c), which correspond to RHS and LHS of Eq. (34), respectively.

Intersections of the curves give the solutions c(a, b).fixed, but the relative velocity is varied through c. A rapid
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c 5 0.4). A small displacement of the state toward higher
(lower) velocity will create conditions that produce
stronger (weaker) driving than required to maintain the
state. The velocity will accelerate (decelerate) until it en-
counters the next intersection, which will then be a sta-
ble equilibrium.

IV. DISCUSSION

a. Cosmogonical Implications

Any mechanism that could affect the radial distribution
of mass in an accreting planetary system could have im-
portant consequences for the style and time scale of planet
formation. Except for the influence of aerodynamic drag,
which loses its effectiveness for planetesimals larger than
a few kilometers, most models of the planetesimal disk
assume that the primary cause of radial migration is mutual
scattering (e.g., Hayashi et al. 1977, Wetherill 1990). The
possibility that nebula torques could have provided radial
mobility to large, planetary sized objects introduces an-
other degree of freedom in accretion modeling (e.g., Hou-FIG. 13. Solutions to integral equation for the drift velocity giving

the relative velocity parameter, c, as a function of mass through b ; (e/ rigan and Ward 1984, Ward 1989, 1993, Ward and Hahn
en)2. The points on the a 5 1024 curve corresponds to the density plots 1995). To date, this suggestion has received limited atten-
in Fig. 15. Note that the curves for a 5 1025, 1024 curves differ markedly tion by the planetary science community (e.g., Wetherill
from those of Fig. 8. For these curves, the motion of the protoplanet is

1990, Lissauer and Stewart 1993, Korycansky and Pollackmore important than the viscosity in preventing the formation of a gap.
1993, and Artymowicz, 1993a,b). This may be rooted in a
caveat stated in GT80 that: ‘‘With our scant knowledge of
the nebula we cannot be certain whether the interior or

sistent solution requires ṽs(a, c) 5 ṽs(b, c), from which exterior torque is larger. Thus, we can estimate only the
we obtain c(a, b) by iteration. These solutions are plotted magnitude of the effect, not its sign.’’ This view seems to
in Fig. 13 for several values of a. As expected, portions of have persisted in the literature (Lin and Papaloizou 1993;
the curves above c 5 1 are considerably modified from Takeuchi et al. 1996) and has, perhaps, discouraged at-
those in Fig. 9. These portions tend to follow the inviscid tempts to consider the effects of disk tides on the accretion
solution whenever it predicts a larger value of v̂s than Eq. process. We have found this to be overly pessimistic.
(44), i.e., when ei . ep . This implies that inertial effects Figure 14 indicates that protoplanets close to the stall
are more important than viscosity at preventing gap devel- point for type I drift migrate at rates between one and two
opment for these values of a. Figure 14 displays the corre- orders of magnitude faster than the disk’s viscous drift rate.
sponding velocities normalized to V. The conversion from One apparent misconception is that the torque mismatch is
type I to type II migration occurs more steeply with mass only a very small fraction of the total disk torque (e.g.,
than in Fig. 8, particularly at low viscosity. Any portions Lissauer and Cuzzi 1985, Shu et al. 1993).8 We have seen
of the curves, such as for a 5 1025, that are triple valued that the protoplanet torques the disk most strongly at dis-
in velocity for a given mass are unstable at the intermediate tances p6h from its orbit. Because the nebula is relatively
value. This is similar to the unstable branch of the inviscid thick, h/r p O(1021), there is a wide fractional separation,
curve of Fig. 5. The reason can be understood by inspection p2h/r, of the peak torquing regions, resulting in a differen-
of Fig. 12. When, for a given pair (a, b), the two velocity tial that can amount to fair fraction of the whole. For the
curves intersect at a single point, the slope of ṽs(a, c) is disk model shown in Fig. 1, the total fractional differential
greater than that of ṽs(b, c) (e.g., curve a 5 1024 with torque, 2uTouter 1 Tinneru/(uTouteru 1 uTinneru), found by sum-
curve b 5 3 near log c 5 20.4) and the equilibrium is ming over m, is 50%. Furthermore, the torque asymmetry
stable, since a small displacement in velocity (or c) creates or mismatch is not due solely to poorly constrained density
disk conditions that tend to return the protoplanet to its
original state. By contrast, when the velocity curves inter-

8 The p5% mismatch calculated in GT80 refers to a small dominance
sect in three places, the slope of ṽs(a, c) is less than the of corotation over Lindblad torques in the rate of eccentricity variation,
slope of ṽs(b, c) at the intermediate value of c (e.g., the not to the competition between outer and inner Lindblad resonances in

changing the semimajor axis.intersection of curve a 5 1025 with curve b 5 3 near log
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FIG. 14. The drift velocity as a function a mass for various values of the viscosity parameter, a. Assumed conditions are considered appropriate
for the jovian zone in a minimum mass solar nebula. Transition from type I to type II motion is accompanied with a substantial drop in velocity.
For modest values of the viscosity, the threshold mass is comparable to a giant planet core. Characteristic drift times for threshold objects are
typically much shorter than the lifetime of the gas disk.

and temperature gradients of the disk as implied in GT80 i.e., a mass comparable to that of Jupiter, which is not so
easy to rearrange.and, more recently, by Lin and Papaloizou (1993). There

are intrinsic asymmetries in the forcing function and reso- In Fig. 15, we show the surface density for several repre-
sentative points along the a 5 1024 curve of the velocitynance positions that contribute. The decrease of the disk’s

epicycle frequency with heliocentric distance is also an diagram. Curves a–c show the surface signature typical of
an object executing type I drift. The direction of motionimportant factor. Indeed, the torques shown in Fig. 1 are

for a constant density disk. Global gradients in the disk turn is to the left. For b 5 1 (curve c), the perturbation is several
percent and the leading maximum and trailing minimumout to be less important than originally thought because of

a ‘‘buffering’’ action between the density gradient and its are well developed. Detection of this type of feature would
furnish possible evidence of rapidly migrating objects em-associated pressure gradient (Ward 1986, Korycansky and

Pollack 1993). bedded in the disk. At b 5 1.6 (curve d), the indirect
driving contribution due to the density perturbation is largeWe also believe that the sensitivity of the net torque to

local disk structure in the case of the solar nebula has enough to start slowing the drift rate. For still larger masses
(curves e–f), a gap progressively opens and locks the per-been exaggerated. This attitude may in part be due to

the planetary community’s experience with particle rings. turber into the disk and type II behavior. The conditions
depicted in Figs. 15a–15f are indicated on the a 5 1024Torques from extremely thin structures such as Saturn’s

rings are strongly controlled by local conditions and can be curve in Fig. 13. The value of c 5 10.572 5 3.73 used
in Fig. 15c implies a drift velocity v̂s 5 2(3n̂/2)(c/h9 1significantly changed by the rearrangement of a relatively

small amount of disk material close to the perturber (e.g., 1) P 52v̂g , where v̂g represents the viscous flow rate of the
unperturbed disk. Interestingly, Fig. 14 indicates that theLissauer and Cuzzi 1985). However, this is much less the

case for the solar nebula where the amount of strongly most mobile objects for turbulent viscosities believed rele-
vant to the solar nebula (i.e., a p 1024–1023) are thoseinteracting disk material is of order p4frsh. For a mini-

mum mass solar nebula at r p 5 AU, this is of order 1030 g, with masses comparable to giant planet cores (i.e., 10–30



274 WILLIAM R. WARD

vival may then depend on their further growth to the point
where they can abort type I drift. Of course, if a protoplanet
can achieve critical size for the onset of gas accretion,
its growth rate will accelerate significantly. In addition,
cannibalizing the disk may also produce a gap-like config-
uration that could slow its migration. These are topics for
further research.

Although converting to slower type II migration in-
creases their lifetime, the accompanying formation of a
gap would seem to signal a cessation of any gas accretion
as well. Figure 14 then indicates that with local damping
a rather large a $ O(1022) is required to account for thresh-
old masses as great as Jupiter and Saturn (e.g., Papaloizou
and Lin 1984). On the other hand, Artymowicz and Lubow
(1996) have found by numerical modeling that an object
confined to a gap may still be fed by gas streams emanating
from the gap edges, so further growth may be possible.

Lin and Papaloizou (1993) have claimed that there is
also a necessary condition for gap formation; viz., the per-
turber’s Hill sphere radius must be comparable to or
greater than the disk’s scale height, i.e., e $ O(h/r)3. The
rationale for this seems to be an assumption that the Hill
radius sets the width of the gap that a perturber attempts
to open, and that widths smaller than the disk thickness
would be Raleigh unstable. This criterion is then invoked
to explain the final masses of the giant planets. While
we agree with the Rayleigh stability argument, we see no
tendency for perturbers to attempt the opening of such
narrow gaps. Rather, in our calculations, the protoplanet
attempts to open a gap of width ph or larger, regardless
of its size. This is because the strongest torques exerted
on the disk are at least at that distance from the perturber
(e.g., Fig. 4). Indeed, as mentioned in Section IIc, pressure

FIG. 15. Surface density configuration associated with the positions modification of the oscillation frequency of the disk pre-
indicated on the a 5 1024 curve of Fig. 12. Masses approaching the vents Lindblad resonances from lying closer than p2h/3
threshold value (a–c) show increased amplitude of kinematic wave form

to the protoplanet (e.g. Artymowicz 1993a).9 We shouldtracking the planet during type II drift. For masses in excess of the
point out, however, that the criterion e p (h/r)3 is alsothreshold (d–f), the disturbance progressively takes the form of a gap,

which locks the perturber to the disk and completes the transition to the mass for which disk perturbations become nonlinear
type II motion. at launch. To see this, we note that the density perturbation

at an mth order resonance is of order dsm/s p
e(rV/c)2(mc/rV)5/3. Most of the torque comes from
m p O(r/h), for which dsm/s p e/h92. The resonances areM%). Both smaller and larger objects drift more slowly.

This differential motion may have assisted in late-stage separated by Dr p r/m2, so that there are N p h/Dr p
m2h9 p 1/h9 resonances that overlap in the peak launchgrowth, helping to account for the appearance of giant

planet cores prior to disk dispersal (e.g., Ward 1989, 1993, zone. There, combined density perturbations can reach
ds/s p Ndsm/s p e/h93. Hence, nonlinearity, ds/s pWard and Hahn 1995, Araki and Ward 1995).

At the same time, this mechanism is potentially destruc- O(1), occurs when eNL p O(h93). This may enhance wave
damping and, in turn, promote gap formation. Thus, iftive. If a decaying protoplanet cannot stabilize its orbit in

time, it will drift into the primary. In the jovian zone, linear waves damp nonlocally, the necessary condition for
gap formation may have some validity, but for a differentembryos with masses of order 2–3 M% are believed to form

quickly (i.e., O(105) years) via runaway growth (e.g., Weth- reason than stated by Lin and Papaloizou.
erill and Stewart 1989, Lissauer and Stewart 1993). Such
objects already have orbital lifetimes considerably shorter 9 Corotation resonances are an exception to this, but tend to set disk

material into libration on horseshoe orbits rather than clear a gap.than the probable lifetime of the disk. Their ultimate sur-
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b. Nonlocal Damping

As mentioned in Section IId, this initial study assumes
that density waves damp within a short distant of their
launch point. Only then is one justified in using the same
expression for the torque density in Eqs. (16) and (18).
Relaxing this assumption makes gap formation more diffi-
cult and extends the mass range for type I migration. In
planetary rings, waves are damped efficiently by nonlinear
effects and by viscous dissipation (e.g., Goldreich and
Tremaine 1978, Shu 1984, Shu et al. 1985). However, pres-
sure waves do not windup as fast as gravity waves so that
nonlinear effects develop slowly in a non-self-gravitating
gas disk (e.g., Ward 1986). If the viscosity is large enough
to damp waves locally, it is also large enough to prevent FIG. 16. The normalized disk torque density, Fd(z), for various wave

damping lengths.the opening of a gap for all but the largest protoplanets
(Ward 1986, Takeuchi et al. 1996). More efficacious sources
of damping may be radiation damping (Cassen and Woo-
lum 1996) and/or refraction of the waves to high altitude Substituting the d @ 1 approximation, Eq. (52) integrates
where they can shock dissipate (e.g., Ward 1985, Lin, Pa- to G2 P [G(y)2 1 G(2y)2]/2d 5 0.171/d. From Eq. (28),
paloizou and Savonije 1990). the inertial mass becomes, ei P 14.6de% . The peak ampli-

If the angular momentum flux of the wave train is trans- tude of the kinematic wave [Eq. (31)] becomes indepen-
ferred to the disk over a finite distance, d, the torque dent of the damping length; Dŝmax P G1Fd,max/2G2 R 0.376.
density in Eq. (24) should be replaced with a distributed Figure 17 shows G2 as a function of damping length found
form that acknowledges the effective torque density at any by numerical integration, along with the inertial mass. We
point in the disk, Fd , contains contributions from reso- see that ei grows by a factor of p3 for d 5 h and up to
nances lying closer to the secondary. Assuming that the core size for d º 2h, attaining values comparable to the
angular momentum flux decays exponentially, e2ux/d u, the threshold mass for a 5 1023 in the local damping model.
form factor for the disk becomes An exponential power, 2uz 2 yun/d n, that is linear (n 5

1) seems roughly appropriate for radiation damping. Other
Fd(z, d) 5

«

d
Ez

0
F(y)e2uz2y u/d dy. (51)

In the limit d R 0, d 21e2uz2y u/d becomes twice the Dirac
delta function, 2d(z 2 y), and integrating Eq. (51) recovers
F(x). (The factor of 2 is dropped because the integration
is only over half of the delta function.) It is also easy to
show from Eq. (51) that ey

2y Fd dz 5 ey

2y F dz, so that the
area under the curves is independent of d, as required by
conservation of angular momentum. Since the tidal adjust-
ment of the disk will be spread out over a greater area,
the amplitude of Fd must decrease with increased damping
length. If d @ 1, the integrand of Eq. (51) will die from
F(z) before the exponent kicks in, and Fd P «G(z)/d for
uzu ! d. Figure 16 displays Fd obtained by integration of
Eq. (51) for several values of the damping length.

With a longer damping length, the threshold mass should
increase as well. This is most easily demonstrated in the
inviscid case. In Eq. (26), the indirect driving coefficient be-
comes

G2(d) 5 Ey

2y
F(z)Fd(z, d) dz

(52)
FIG. 17. The coefficient of the disk feed back, G2 , and the inertial5

1
d
Ey

2y
«F(z)e2uz/d u Ez

0
F(y)euy/d u dy dz.

mass, ei , as a function of damping length.
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damping mechanisms are better represented by higher n interested reader, these are enumerated in some detail
below. Others may wish to skip directly to the Summary.for which the wave travels closer to d before damping

becomes important. This further weakens the feedback
(i) One shortcoming is the 2D nature of the torquetorque from the disk and also increases the threshold mass.

model. However, the fact that Lindblad resonances areThe disk form factor becomes
prevented from lying closer than p62h/3 from the per-
turber should help mitigate the error introduced by the thin
disk torque expressions. Calculations could be improved byFd(z, d) 5

«n
d n Ez

0
F(y)(z 2 y)n21e2uz2y un/d n

dy. (53)
using a more generalized and vertically averaged form of
C (e.g., Ward 1986, Artymowicz, 1993a).

In the case of viscous damping, n 5 3/2, and dn P (ii) The smoothed torque density Tmudm/dru should
m21/3(c2/nV)2/3(c/rV)2/3 P a22/3(c/rV), where in the last be replaced by the true torque density that is constructed
expression the value m p (rV/c) for the most important from a superposition of the torque density for each individ-
orders has been substituted. However, if viscous damping ual wave, dT/dr ; o (dT/dr)m (e.g., Takeuchi et al. 1996).
is important, the inviscid equation for the inertial mass Each wave must propagate a distance ldriving before achiev-
cannot be used. We defer analysis of this case to a subse- ing full amplitude and therefore the perturber must exert
quent work. its torque over this spatial scale. This will tend to spread

Still higher n would be appropriate for nonlinear shock- out the form factor, making the feedback torque somewhat
ing of the waves, where the onset of dissipation is more less sensitive to the damping length of the waves.
sudden. In the limit n R y, e2uz2y un/d n

R 1 2 HS(uz 2 yu 2 (iii) A potentially important issue is the effect of disk
d), where HS represents the Heaviside step function. Its tides on the temperature structure of the disk. The disk
derivative is the Dirac delta function so that heats up at rates

Fd(z, d) 5 « Ez

0
F(y)d(uz 2 yu 2 d) dy 5 F(z 2 «d), (54) dE

dt Utides
5 (Vs 2 V)

dT
dr

;
dE
dt Uviscous

5 2fsnr 3 SV

r D2

(56)which describes a pure translation of the form factor away
from the perturber, and

due to tides and viscous stresses. The ratio of these two
expressions is of order b, so that tidal heating becomes

G2 5 Ey

2y
F(z)F(z 2 «d) dz. (55) comparable to viscous heating when the mass approaches

the viscous mass, en . Trailing disk material will have been
heated longer than leading material, and the resulting dif-The integrand is zero between z 5 6(d 1 2/3); if d @ 1,
ferential temperature could weaken the net disk torquewe can set F(z) P F(«d) and pull it out of the integral.
by increasing the scale height of the outer material. ThisThis leads to G2 P AG0/d 4 1 BG1/d 3 and an inertial mass
may slow the drift rate and help promote transition fromei P 42e%d 4/(1 1 0.5d). On the other hand, the distance
type I to type II motion. We show in Appendix D that forto nonlinearity is strongly dependent on the secondary’s
the inviscid case, this temperature differential would leadmass, dNL p (r 2D9c6/f2)C24, where D9 ; rdD/dr (e.g.,
to an additional contribution to the feed back torque,Ward 1986). Again setting mc/rV p 1, we can write e P
G2 R G2 1 Gtemp , where for Fansatz , Gtemp ; (9/20)(2A/d 3)2

0.5h92(h9/dNL)1/4. Solving these equation yields dNL p 2h,
(d 1 4/3) 5 0.168. However, the actual effect is likely toei p 2 3 1023 P 2eJupiter , implying that the nonlinear
be smaller since heating occurs smoothly across the orbitshocks will not stall type I drift until the secondary is of
and there are radiation losses.giant planet size. However, as mentioned above, nonlinear

(iv) Our model should include a contribution from co-effects develop in the launch zone at somewhat lower
rotation resonances falling at the secondary’s orbit (Wardmasses e º (h/r)3 p 102e% , due to resonance overlap.
1993a). Numerical models by Korycansky and PollackIn general, both increasing the damping length and the
(1993) can be used to estimate the cumulative corotationexponential power pushes the threshold mass up, ex-
torque exerted on the secondary,panding the domain of type I motion. These important

issues will be pursued further in subsequent work.

Tc P
4
3

d ln (s/B)
d ln r

e2sr 2(rV)2 SrV

c D2

, (57)c. Future Work

Although the calculations presented here constitute an
improvement over earlier versions, several relevant fea- where B 5 V 1 (r/2) dV/dr is the vorticity. A crude

estimate of its importance can be made by includingtures are still omitted or treated inadequately. For the
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2Tc/MrsVs on the RHS of Eq. (18). Its effect on the inviscid important oversimplification. The presence of the pro-
toplanet may alter the viscous properties of the disk locally.solution is immediately obtained by replacing G1 R G1 1

Gc , where Gc p 24h9(3/2 2 k)/3f 5 20.03(3/2 2 k). Thus, Such an effect is seen for large objects embedded in a
particle disk (e.g., Ida and Makino 1993).corotation torques could weaken the overall torque asym-

metry by p18% for k 5 0, but vanish for k 5 3/2. For still (viii) In our brief discussion on nonlocal damping, the
dependence of the damping lengths on resonance orderlarger k, corotation torques augment the Lindblad torque

asymmetry. Indeed, since the libration region is only of was ignored. This makes the damping length an implicit
function of the launch point, d(y), through Eq. (15) andwidth pO(e/h9)1/2, it is not the global value of k(x) ;

2(r/s) ds/dr, but the local value in the vicinity of x 5 will cause a further spreading of the disk’s form factor.
Finally, since our model is a quasi-steady-state one, it0 that is pertinent. Inspection of Fig. 15, reveals that the

tidal response of the disk tends to generate positive values cannot investigate the transitional phase as this state is
approached nor estimate the time scales involved. A moreof k near the protoplanet. Furthermore, this torque weak-

ens due to the libration of disk material, which works to comprehensive initial value treatment including many of
the above improvements will require numerical modeling.remove the ‘‘vortensity’’ gradient, d(s/B)/dr (Quinn and

Goodman 1986, Ward, 1993a). One purpose of this communication is to motivate such
an undertaking.(v) Another source of disk torque at the protoplanet’s

orbit is that of gravitationally enhanced drag (e.g., Takeda
et al. 1985, Ohtsuki et al. 1988). The pressure support of VI. SUMMARY
the disk [Eq. (10)] results in a differential orbital velocity
between disk and protoplanet and a resultant ‘‘headwind.’’ We have presented a simple analytical model that illus-

trates two types of protoplanet migration and the transitionIt is well-known that this gives rise to a drag on small
particles that induces orbital decay. If the so-called gravita- between them. In the first type of drift, the protoplanet

migrates relative to the disk due to torque asymmetries attional radius, RG ; GM/c2, of a body becomes larger than
its physical radius, R, it begins to deflect the flow of gas a rate proportional to its mass and to the surface density

of the disk. In the second type of motion, the protoplanetat that distance, increasing its effective drag cross section
to O(fR2

G). This occurs for R . c/Vp , where V2
p ; is locked to a circumstellar disk by the formation of a gap.

There is negligible motion relative to the disk, and theÏ4fGrP/3 5 5.3 3 1024Ïrp s21 is the Schuler frequency
and rp is the solid density of the object. For a sound speed protoplanet migrates with the disk’s viscous evolution and

shares its fate. The drift rate is determined by the strengthof, c p few 3 105 cm/s, RG $ O(103) km, so that mid-
stage products of accretion runaway are likely to fall into of the viscosity and is independent of the protoplanet mass

or the mass of the disk. Cooling the disk increases the typethis size range. Takeda et al. have proposed a modification
of the drag coefficient for large objects to be used whenever I rate, whereas heating the disk increases the type II rate.

Small protoplanets tend to execute type I motion; largetheir gravitational radius exceeds their physical radius:
CD R CD(RG/R)2. This leads to a drift rate of protoplanets execute type II. For given values of the viscos-

ity and damping length, there is a critical threshold mass
at which type I motion stalls and fairly abruptly convertsv 5 c3e(rV)(sr 2/Mp)(rV/c), (58)
to type II. However, for reasonable turbulence, type I
motion can persist for objects up to the size of giant planetwhich is a factor of Ouc3/c2u(h/r)2 # 1022 slower than Eq.

(1). In addition, if the object is large enough to convert to cores even assuming local wave damping. Nonlocal damp-
ing of density waves may significantly increase the thresh-type II drift, gap formation will drive the density down

and render such drag effects negligible. Thus the near zone old mass.
The transition (I R II) entails a velocity drop of betweengravitational interaction characterized by enhanced drag is

not likely to be competitive with the far zone gravitational one and two orders of magnitude. These drift mechanisms
can generate considerable mobility and differential motioninteraction described by disk tides (e.g., Ward 1993b).

(vi) Although the shifts in resonance sites have been among protoplanetary objects embedded in a circumstellar
gaseous disk. Generally, orbits suffer decay, although typetaken into account in estimating the net undisturbed disk

torque, G1 , they have not been treated in the disk’s tidal II migration can move outward with the disk in the more
remote parts (e.g., Lynden-Bell and Pringle 1974). Theresponse. Resonance shifts become pronounced with the

formation of a strong gap such as in Figs. 15d–15f. Pressure orbital lifetime for type I migration is usually much shorter
than the lifetime of the nebula. The induced radial driftgradients on both sides of the gap tend to displace reso-

nance sites further from the protoplanet. An improved could assist accretion, but could also destroy the system if
newly formed objects decay into the primary.model should also treat this effect self-consistently.

(vii) Our use of a single viscosity for both global disk Finally, we should point out that although opening a
gap increases the lifetime of the protoplanet’s orbit, decayevolution and diffusion near the protoplanet may be an
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The derivative of (61), evaluated at resonance, isinto the primary may still eventually occur unless type II
migration is also aborted. As suggested by Lin et al. (1996),
it is an intriguing possibility that the close orbit of the 51
Peg companion (Mayor and Queloz 1995) is a highly r

dDp
dr

5 r
dk 2

dr
2 2m2(V 2 Vs)r

dV

dr
1 m2r

d
dr

(c/r)2. (66)

evolved state, having decayed from a much larger starting
distance. Clearly, these issues place strong constraints on
viable conditions for Solar System survival and may help Assuming c2 Y T Y r 21, this can be rearranged to read
explain the rather low yields in the search for planets
around nearby solar-type stars.

dDp
dr

5 3Vsm2(V 2 Vs) 1 (1 2 l)j 2k 2 1 k 2 S3 1
d ln k 2

d ln r D
(67)APPENDIX A

2 m2V(V 2 Vs) S3 1
d ln V2

d ln r D .The torque is given by the downstream angular momentum flux [e.g.,
Artymowicz, 1993a, Eq. (51)],

For nearly Keplerian disks the last two terms are small and are ignored.
Tm 5 2

4fsc2m
(1 1 4j 2)V2 Re Hi

dv
dx

vpJ , (59) Using (61) this can be further simplified to

where v is the radial perturbation velocity obtained from the equation r
dDp
dr

5 23«mkVsÏ1 1 j 2 1 (1 2 l)j 2k 2. (68)

S d 2

dx2 2
Dr 2

c2 2 m2D v 5 2
rV

2c2 S d
dx

1 2mfD f. (60)
Substitution of (6), (9), and (68) into (64) gives

The effective resonance location, reff , is where

Tm 5 «
4
3

m2e2(sr 2
s)(rsVs)2ĉ 2

(1 1 4j 2)Ï1 1 j 2
SVs

k
D F1 2

«(1 2 l)j 2k

3Ï1 1 j 2mVs
G21

, (69)

Dp ; D 1 m2c2/r 2 5 0. (61)

where j 2 5 j 2
s /al21

r . Setting k P V yields Eq. (8) in the text. To compute
Expanding about reff , Eq. (60) can be approximated by ar , we use Eq. (10). To lowest order, the resonance condition becomes

d 2v
dx2 2 bp(x 2 xeff)v 5

rV

2c2 S d
dx

2 2mfD f ueff . (62) Vs

VK
5 1 1

«

m
Ï1 1 j 2 2

1
2

(k 1 l)
c2

(rVK)2 5 a3/2
r . (70)

In writing (62), we have evaluated the RHS at reff and defined bp 5 [(r/
c)2rdDp/dr]eff . Equation (62) is a form of Airy’s equation. Applying the This should be solved by iteration with j(m, ar).
radiative boundary condition, its solution is (e.g., Ward 1986)

APPENDIX B
v 5

f
ubpu2/3

rV

2c2 Sdf

dx
1 2mffD

eff
[2«iAi(w) 1 Gi(w)], (63)

To expose the asymmetries in c, it is useful to approximate the Laplace
coefficients in terms of modified Bessel functions (GT80),

where w ; «ubpu1/3(x 2 xeff) and Ai, Gi are Airy and associated functions.
Substituting into Eq. (59) and evaluating the flux as w R y yields

bm
1/2(ar) P

2
f

K0(L)

Ïar

; L ;
muar 2 1u

Ïar

. (71)

Tm 5 «
mf2s(df/dx 1 2mff)2

(1 1 4j 2)(rdDp/dr)
. (64)

(Note that this is a slightly more accurate expression than used in earlier
works, viz., GT80.) Differentiation of (71) yieldsThe location of an mth order Lindblad resonance is where

Vs

V
5 1 1

«

m Sk

V
DÏ1 1 j 2. (65) ar

d
dar

bm
1/2 5 2

2
f F«m

2 S1 1
1
ar
DK1 1

K0

2Ïar

G , (72)
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2 Dc 1
«

m
Ï1 1 j 2 c0 P

«

m FS2Ï1 1 j 2 1
1
3

2
2j 2

3 DK0

(77)
1 SÏ1 1 j 2 1

5
3

1
4j 2

3 DÏ1 1 j 2K1G .

The limit j R 0, recovers Ward’s (1986) value, («/3m)(7K0(2/3) 1

8K1(2/3)).
The fractional difference between inner and outer values of c 2 is

p4uDcu/c0 , while the fractional difference in k is p(2/m)Ï1 1 j 2. For
j ! 1, these values read p(2/3m)[5K1(2/3) 1 K0(2/3)]/[K1(2/3) 1 2K0

(2/3)] p 1.67/m and 2/m, respectively.

APPENDIX C

To chose an ansatz form, we first need to reproduce the correct behavior
at x @ 1, j ! 1, for which F(x) Y «m4a2

rc
2. The m4 dependence yields

the usual lowest order term, «A/x4, for the torque density. The asymmetry
comes mostly from a2

rc
2, which has an explicit dependence on «/m, as

well as an implicit one through L R 2/3(1 2 «/3m). Expanding to first
order in 1/m, leads to an additional term of the form, B/ux3u. Next, at
the other limit, j @ 1, F(x) Y «m2a2

rc
2 with L R 2j/3. The asymptotic

form of the Bessel functions, Ki(L) P e2LÏf/2L, kills the torque at large
j p 1/Ï(3x/2)2 2 1, i.e., as x R 62/3. This suggests that the steep cutoff

FIG. 18. Asymmetries associated with the resonant perturbations of could be mimicked by multiplying each term of the ansatz by a killing
the disk. The forcing amplitude, c, is systematically larger for the outer factor of form, e2ud/z u, where z ; x 2 2«/3. Equation (46) satisfies these
portion of the disk. In addition, outer resonances lie slightly closer than requirements and is integrable.
inner ones, sampling the disturbing potential at a larger value. We use the summation values to set

A
d 3 5

1
4O uT̂mu 5 0.198;

B
d 2 5

1
2O T̂m 5 0.124. (78)

and substitution into Eq. (9) yields

Squaring Eq. (46) yields
c 5

1
2 S1 1

1
ar
DK1(L) 1 S2mua3/2

r 2 1u 1
«

2mDK0(L)

Ïar

. (73)

F 2(x) 5 FA2

z8 1 2
AB
z7 1

B2

z6G e22 ud/z u. (79)
The behavior of c 2/Ï1 1 j 2 for m 5 5 is shown in Fig. 18 as a function
of uar 2 1u both inside and outside the orbit. The outside forcing function
is stronger in the vicinity of resonance. By symmetry, integration of the second term vanishes, leaving

Now consider a Keplerian disk for which Eq. (70) reduces to

Ey

2y
F 2(x) dx 5 2A2 Ey

0
e22(d/z) dz

z8 1 2B2 Ey

0
e22(d/z) dz

z6 . (80)
ar 2 1 5 S1 1

«

m
Ï1 1 j 2D2/3

2 1 P
2«

3m
Ï1 1 j 2 2

1 1 j 2

9m2 . (74)

Using the identity
Outer resonances lie closer to the perturber and sample a larger value
of the forcing function (Fig. 18). In particular, the argument of the Bessel
functions reads Ey

0
e22(d/x)n dx

xm 5
1

nd m212(m21)/n Ey

0
e2tt(m21)/n dt

t
5

G((m21)/n)
nd m212(m21)/n , (81)

L P
2
3

Ï1 1 j 2 2
«

3
1 1 j 2

m
. (75) we can write,

Expanding c yields, Ey

2y
F 2(x) dx 5

1
d SG(7)

26 SA
d 3D2

1
G(5)

24 SB
d 2D2D5 G2 5 0.443, (82)

c P [K1 1 2Ï1 1 j 2K0] 1
«

m FS1
6

2
j 2

3 DK0

(76)
where here, G(t), denotes the gamma function of t. From Eqs. (78) and
(82) we find, A 5 0.228, B 5 0.136, and d 5 1.05.

1 S5
6

1
2j 2

3 DÏ1 1 j 2K1G5 c0 1 « Dc.

APPENDIX D
Here the Bessel functions are to be evaluated at L0 ; (2/3)Ï1 1 j 2.
Squaring this and multiplying by a3/2

r 5 1 1 («/m)Ï1 1 j 2 leads to A rough assessment of this effect can be made by ignoring any addi-
tional radiation by the disk, and assuming all tidal heating goes to increasea3/2

r c 2 P c 2
0 1 c0[2 Dc 1 («/m)Ï1 1 j 2c0], where the bracketed quan-

tity is the disk temperature, 2frsCpDT/Dt 5 dE/dt utides , where Cp is the specific
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